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CHARLES, 

DUKE OF RICHMOND, LENNOX, and AUBIGNY, 
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MASTER GENERAL of the ORDNANCE. 


MY LORD, 

Should this fmall performance con¬ 
tinue to prove ufeful to the Inftitution for 
which it w T as compofed, or become accept¬ 
able to the public; its exiftence, as well 
as its publication, mull be afcribed to Your 
Grace. 

But, my Lord, the particular injunctions 
to avoid panegyric, under which ^ permiflion 
for this dedication was granted, preclude 
me from explaining how the advanced ftate of 
learning in the Royal Military Academy ren- 
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dered fuch a’Avork neceflary : fince this would 
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be to enumerate the means by which, under 
Your Aufpices, this inftitution has attained 
a degree of perfection, which perhaps few 
public ones have ever equalled, none certainly 
have exceeded. 


To Your Grace therefore, with all Re- 
fpeCt, this work is moft humbly dedicated by, 

My Lord, 

Your Grace’s 

moft obedient, 

moft devoted, and 

moft humble fervant. 


Royal Mil. Arad. 
Aug. 24, 1787. 


CHARLES HUTTON. 



PREFACE. 


T PI E want of a proper fet of exercifes, ap- 
plied to the different branches of mathematical 
knowledge, which are deemed requifite to the 
military profeffion, induced me to draw up the 
following flieets. Their utility to the ftudents in 
the Royal Military Academy, having been fully 
eftablifhed, recommended them to the confider¬ 
ation of the Mafter General ; and His Grace 
has been pleafed to order them to be printed. 

The mifcellaneous form of this fmall work, 
arifes from its confifting chiefly of practical quef- 
tions in moft of the fciences now taught in the 
Academy. Although Invention was not my im¬ 
mediate object, yet throughout the whole there 
lpill be found many things that are new, in 
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point of matter , but more fo in the manner of 
treating the fubjedts. 

In the Conic Sections there are feveral new 
and important properties difperfed through the 
books; and it is prefumed that this branch 
is treated in a way better adapted to its intended 
ufe, than heretofore. The proportions, although 
demonftrated in a manner ftridtly geometrical, 
have this peculiarity, that only the firfl pro¬ 
perty of each fedtion is demonftrated from the 
cone itfelf, and all the fubfequent ones derived 
from the firft, or from each other, in an eafy and 
natural way, without introducing any arbitrary 
organical defeription of curves in piano. The 
arrangement of the fteps in .feparate lines is 
alfo found to be an advantage, as it renders the 
demonftrations more eafy to be comprehended, 
by prefenting the whole to the eye in one con¬ 
nected view. And another very confiderable im¬ 
provement arifes from the application of a 
new and general property concerning the inter- 
fedtions of a right line, with any of the curves, 
in two points : by means of which the general 
properties of the oblique ordinates, to any dia¬ 
meter, are ealily deduced, without the forced 
and perplexed conlideration of the areas of cer¬ 
tain fpaces. 

feveral propofitions and properties, in the 
three curves or fedtions, are alfo arranged in fucll 

4 order. 
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order, and enunciated in fuch manner, as to fhew 
which properties are common to the different 
fedions; and in particular it will be found, that 
mod of the definitions and fcholia are common 
to all the three curves; and that all the pro- 
poiitions and demonftrations of the ellipfe, are 
literally the fame with thofe of the hyperbola: 
a circumftance which mud render both the 
learning and the remembering of the properties 
much eafier than heretofore. 

The colledion of practical queftions, which 
follow the Conic Sedions, are moffcly given 
without folutions, their anfwers only being fet 
down, as probationary exercifes to certain rules 
and branches of fcience contained in moft books 
relating to thefe fubjeds. But the lafl colledion, 
concerning forces, and the accompanying cir- 
cumftances of time, fpace, and the velocity ge¬ 
nerated, have folutions annexed to them ; as they 
require a knowledge of fome other principles be- 
lides thofe that are ufually found in the common 
books of fcience. Many of the problems in this 
part may, indeed, be met with elfewhere ; but 
it is prefumed, that the folutions will be found in 
general, either new, or attended with confiderable 
improvement. 

I have taken the liberty alfb to enrich this part 
with fome new and ufeful problems relating 

to 
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to the times of filling and emptying the ditches of 
fortifications, or other receptacles, f \vith water, 
entering and evacuating them under certain cir- 
cumftances. Thefe curious problems. His Grace 
the Matter General of the Ordnance was pleafed 
to propofe at a late examination of the Gen¬ 
tlemen Cadets; and the folutions at large, of 
fuch important proportions, are here publifhed, 
as far as I know, for the firft time. 

To thefe fucceeds the common theory of the 
motion of bodies in refitting mediums, but de¬ 
livered in a manner, I truft, better adapted to 
practical purpofes than in any former publi¬ 
cation. 

The volume then concludes with a com¬ 
pendium of lome experiments, lately made to 
afeertain rhe adlual refittance of the air to 
given furfaces, moving through it with given 
velocities, and different degrees of inclination : 
experiments, which it is to be wifhed may be 
farther profecuted, as it is by fuch means only 
that the true theory of military proje£liles, as 
well as other branches of natural phibfophy, 
can be improved to any degree of praftical 
utility. 
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CONIC SECTIONS. 


DEFINITIONS. 


I. y^lONIC feftions are the figures made by the mu- 
V-d tual interfe&ion of a cone and a plane. 


2. According to the different pofitions of the cutting 
plane, there arife five different figures or fections, namely, 
a triangle, a circle, an ellipfe, a parabola, and an hyperbola : 
the three laft of which only are peculiarly called conic 
fe£fions. 


3. If the cutting plane pafs through the 
vertex of the cone, and any part of the bafe, 
the fe&ion will evidently be a triangle; as 

VAB. 



'4. If the plane cut the cone parallel to 
the bafe, or make no angle with it, the 
fe£tion will be a circle ; as abd. 
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5. The 
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CONIC SECTIONS. 


5. The fe&ion dab is an ellipfe, 
when the cone is cut obliquely through 
both fides, or when the plane is fa-c 
dined to the bafe in a lefs angle fftaa 
the fide of the cone is. 

6. The feiftion is a parabola, when 
the cone is cut by a plane parallel to 
the bafe , or when the cutting plane 
and the fide of the cone make equal 
angles with the bafe. 


A 



7. The fe&ion is an hyperbola, when the 
cutting plane makes a greater angle with 
the bafe than the fide of the cone makes. 

8. And if all the fides of the cone be 
continued through the vertex, forming an 
oppofite equal cone, and the plane be alfo 
continued to cut the oppofite cone, this 
latter fe&ion will be the oppofite hyper¬ 
bola to the former ; as due. 



9. The vertices of any feftion, are the points where the 
cutting plane meets the oppofite fides of the cone, or the 
fides of the vertical triangular feftion ; as a and b. 


Hence the ellipfe and the oppofite hyperbolas, have each 
two vertices ; but the parabola only one j unlefs we con- 
fider the other as at an infinite diftance. 

10. The Axis, or Tranfverfe Diameter, of a conic 
fe&ion, is the line or diftance ab between the vertices. 


Hence, the axis of a parabola is infinite in length, Ab 
being only a part of it. 


11. The 
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Parabola; 
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v. 


ii. The Center c is the middle of the axis. 


Hence the center of a parabola is infinitely diftant from 
the vertex. And of an ellipfe the axis and center lie 
within the curve ; but of an hyperbola without. 


12. A Diameter is any right line, as ab or de, drawn 
through the center, and terminated on each fide by the 
curve; and the extremities of the diameter, or its inter- 
fedtions with the curve, are its vertices. 

Hence all the diameters of a parabola are parallel to the 
axis, and infinite in length. And hence alfo every diame¬ 
ter of the ellipfe and hyperbola have two vertices ; but of 
the parabola only one j unlefs we confider the other as at 
an infinite diflance. 


13. The Conjugate to any diameter, is the line drawn 
through the center, and parallel to the tangent of the curve 
at the vertex of the diameter. So fg, parallel to the tan¬ 
gent at d, is the conjugate to de j and hi, parallel to the 
tangent at a, is the conjugate to ab. 

/ 

'iHlence the conjugate HI, of the axis ab, is perpendi¬ 
cular to it. 


B 2 


Ellipfe. 



CONIC SECTIONS. 


Ellipfe. Oppos. Hyperb. Parabola. 



14. An Ordinate to any diameter, is aline parallel to 
its conjugate, or to the tangent at its vertex, and termi¬ 
nated by the diameter and curve. So dk, el arc ordi¬ 
nates to the axis ab ; and mn, no ordinates to the diame¬ 
ter DE. 

Hence the ordinates to the axis are perpendicular to it. 

15. An Abfcils is a part of any diameter contained be¬ 
tween its vertex and an ordinate to-it; as ak or bk, or 
dn or EN. 

Hence, in the ellipfe and hyperbola, every ordinate has 
two abfcifTes ; but in the parabola, only 011c ; the other 
vertex of the diameter being infinitely dillant. 

16. The Parameter of any diameter, is a third pro¬ 
portional to that diameter and its conjugate. 

17. The Focus is the point in the axis where the ordi¬ 
nate is equal to half the parameter. As K and L, where 
dk or el is equal to the femi-parameter. 

*• 

Hence, the ellipfe and hyperbola have each two foci; 
but the parabola only one. 

18. If dae, fbg be two oppofite hyperbolas having ab 
for their firft or tranfverfe axis, and ab for their iecond or 


con- 
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conjugate axis. And if dae, fbg be two other oppofite 
hyperbolas having the fame axes, but in the contrary 
order, namely, ab their firft axis, and ab their fecond ; 
then thefe two latter curves dae, fbg, arc called the con¬ 
jugate hyperbolas to the two former dae, fbg ; and each 
pair of oppofite curves mutually conjugate to the other. 

19. And if tangents be drawn to the four vertices of 
the curves, or extremities of the axes, forming the in- 
feribed redtangle hikl ; the diagonals hck, icl of tin’s 
re£f angle, are called the afymptotes of the curves. 

SCHOLIUM. 

The rectangle inferibed between the four conjugate 
hyperbolas, is fimilar to a redtangle circumfcribed about 
an ellipfe by drawing tangents, in like manner, to the 
four extremities of the two axes ; and the afymptotes or 
diagonals in the hyperbola, are analogous to thofe in the 
ellipfe, cutting this curve in fimilar points, and making 
the pair of equal conjugate diameters. Moreover, the 
whole figure, formed by the four hyperbolas, is, as it 
v/ere, an ellipfe turned infide out, cut open at the ex¬ 
tremities d, e, f, g, of the faid equal conjugate diameters, 
and thofe four points di awn out to an infinite diftance, 
the curvature being turned the contrary way, but the 
axes, and the redtangle pafling through their extremities, 
continuing fixed. 
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In the ellipfe, the femi-conjugate axis, cd or ce, is a 
mean proportional between co and cp, the parts of the 
diameter op of a circle drawn through the center c of the 
ellipfe, and parallel to the bafe of the cone. For de is 
a double ordinate in this circle, being perpendicular to 
op as well as to ab. 

In like manner, in the hyperbola, the length of the 
femi-conjugate axis, cd or ce, is a mean proportional 
between co and cp, drawn parallel to the bafe, and meet¬ 
ing the Tides of the cone in o and p. Or, if ao' be 
drawn parallel to the fide vb, and meet pc produced in 
o', making co' = co; and on this diameter c/p a circle 
be drawn parallel to the bafe : then the femi-conjugate CD 
or ce will be an ordinate of this circle, being perpendi¬ 
cular to o'p as well as to ab. 

Or, in both figures, the whole conjugate axis de is- a 
mean proportional between qa and br, parallel to the 
bafe of the cone. For, becaufe ab is double of AC or 
cb, therefore, by iimilar triangles, qa is double of oc, 
and br double of cp ; confequently 

DE 1 or 2C ■* 2E, or 2CO • 2CP is = QA • BR, QT 

qa : :: de : br. 



DEFINITIONS. 


7 


In the parabola both the tranfverfe and conjugate are 
infinite ; fot*AB and br are both infinite, 

Corol. 2. In all the feflions ag will be equal to the 
parameter of the axis, if qg be drawn making the 

angle aqg equal to the angle bar. 

For, by the definition, ab:de::de:/> the param. 
But by corol. i, br : de :: de : aqj * 

Therefore ab : br :: aq^: p. 

But, by fimilar triangles, ab : br :: aqj ag j 

And therefore ag = p the parameter. 

In like manner Bg will be equal to the parameter />, if 
Rg be drawn to make the angle BRg = the angle abqj 
fince here alfo ab : Aqj: br : bg — p. 

Corol. 3. Hence the upper hyperbolic fe&ion, or 
fe&ion of the opposite cone, is equal and fimilar to the 
lower fe&ion. For the two fe&ions have the fame 
tranfverfe or firft axis ab, and the fame conjugate or 
fecond axis de, which is the mean proportional between 
AQ^. nd rb ; they have alfo equal parameters ag, Bg. 
So that the two oppofite fe£tions make, as it were, but 
the two oppofite ends of one entire feflion or hyperbola, 
the two being every where mutually equal and fimilar. 
Like the two halves of an ellipfe, with their ends 
turned the contrary way. 

C<*l. 4 - And hence, although both the tranfverfe 
and conjugate axis in the parabola be infinite, yet the 
.former is infinitely greater than the latter, or has an 
infinite ratio to it. For the tranfverfe has the fame ratio 
to the conjugate, as the conjugate has to the par^&ter, 
that is, as an infinite to a finite quantity, which is an 
infinite ratio. 

B 4 
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OF THE ELLIPSE. 


PROPOSITION I. 

The Squares of the Ordinates of the Axis are to each 
other as the Redangles of their Abfcifles. 

Let avb be a plane paffing 
through the axis of the cone ; 

AGIH another feCtion of the 
cone perpendicular to the plane 
of the former ; ab the axis of 
this elliptic fedion; and fg, hi 
ordinates perpendicular to it. 

Then I fay that 
fg z : hi 1 :: af »fb : ah* hb. 

For, through the ordinates " 

FG, hi draw the circular 
fedions kgl, min parallel to the bale of the cone, having 
KL, mn for their diameters, to which fg, hi are ordinates, 
as well as to the axis of the ellipfe. 

Now, by the fimilar triangles afl, ahn, and bf^ bhm, 
we have af : ai-i :: fl : hn, 
and fb : hjs ;: kf : mh ; 

hep.ee* taking the redangles of the correfponding terms, 
have the red. af*fb : ah*hb :: kf.*fl : mh*hn. 
iBuf^by the nature of the circle, kf«fl =fg% and mh*hn = hi 1 ; 
Therefore the red. af*fb : ah»hb :: fg 1 : hi*. q_.e.d. 

C o r o l- 
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Corol. i. All the parallel fe&ions are fimilar figures, 
or have their two axes in the fame proportion j that is, 
ab : ab :: de : de. 

For, byfim. triang. ab ; ab : : aqj aq, 

and ab : ab :: rb : rb ; 

Theref. by comp, ab 1 : ab 2 :: aqjrb : aq*rb* 

But aqjrb = de 2 , and aq*rb = de 2 j 

Therefore ab 2 : ab 2 :: de 2 : de 2 , 

or ab : ab :: de : de. 

Corol. i. Hence alfo, as the property is the fame for 
the ordinates on both Tides of the diameter, it follows, that 

ift. At equal diftances fiom the center, or from the 
vertices, the ordinates on botn fides are equal, or that the 
double ordinates arc bifedted by the axis ; and that the 
whole figure, made up of all the double ordinates, is alfo 
bifedted by the axis. 

2d. The two foci are equally diftant from the center, 
or from either vertex. 

Corol. 3. When the angle, which the plane of the 
fediion makes with the bafe of the cone, increafes till it be¬ 
come equal to the angle made by the fide of the cone and 
the bafe, or till the fection be parallel to the oppofite fide of 
the bafe ; then the axis becomes infinitely long, and the 
ellipfe degenerates into a parabola; and becaufe then the 
infinites fb and he arc in a ratio of equality, the general 

property, 

• g * 

namely af»fb : ah»hb :: fg 2 : hi 2 , 

becomes af : ah :: fg 2 : hi 2 , 
or, in the paranoia, the abfciiTes are to each other,, ^ the 
fquares of their ordinates. 


PRO- 
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PROPOSITION II. 


As the Square of the Tranfverfe Axis : 

Is to the Square of the Conjugate :: 

So is the Rectangle of the Abfcifles: 

To the Square of their Ordinate. 

That is, ab* : ab 2 or ac 2 : ac 2 :: ad*db : de 2 . 



For, by prop. i. ac»cb : ad*db :: ca 2 : de 2 ; 

But, if c be the center, then ac*cb = Ac 2 ,and caisthefemi-conj. 
Therefore ac 2 : ad*db :: ac 2 : de 2 ; 

or, by permutation, ac 2 : ac 2 :: ad*db : de 2 ; 

or, by doubling, ab* : ab 2 :: ad*db : de 2 . q^e.d. 

/ 

Corol. i. Or, becaufe the re&angle ad»db = ca 2 — cd% 
the fame property is ca 2 : ca 2 :: ca 2 — cd 2 : DE 2 , 

or ab 2 : ab 2 :: ca 2 — cd 2 : de 2 . 

ab 2 

Corol. 2 . Or, by div. ab : — :: ca 2 — cd 1 : de 2 , 

AB 

that is, ab : p :: ad»db or ca 2 — cd 2 : de 2 ; 

3- b* 

where p is the parameter — by the definition of it. 

AB 


That 
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That is. As the tranf/erfe, 

Is to its parameter. 

So is the rectangle of the abfcifles. 
To the fquare of their ordinate. 


Corol. 3. When the axis ab is infinitely long, the 
curve becomes a parabola, and the infinites ab, db are 
then in a ratio of equality; and then the laft property, 
namely ab : p :: ad*db : de*; 
or ab.de : ad»db::^:de, 

becomes de : ad :: p : de, 
or ad : de :: de : p. 

That is, in the parabola, the parameter is a third pro¬ 
portional to any abfcifs and its ordinate. 


PRO- 
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PROPOSITION III. 


As the Square of the Conjugate Axis : 

Is to the Square of the Tranfverfe Axis :: 

So is the Redangle of the Abfcifles of the Conjugate, 
or the Difference of the Squares of the Semi-conjugate 
and Diftance of the Center from any Ordinate of that 
Axis: 

To the Square of that Ordinate. 

That is, ca 2 : cb 2 ad.db’or cd 2 — cd 2 ‘: dfi 2 . 



For draw the ordinate ed to the tranfverfe ab. 

Then, by cor. i. prop. 2. ca 2 : ca 2 ca 2 —-cd 2 : de\ 

But cd 2 = dr: 2 , and de 1 = cd 2 / 

therefore ca 2 : ca 2 :: ca 2 — dE 2 : cd 2 , 

or by alternation, ca 2 : ca 2 — dE 2 : : ca 2 : cd 2 , 

and by diviffon, ca 2 *: dE 2 :: ca 2 ^: ca 2 —cd 2 , 0 

andbyWer.&inverf. ca 2 : ca 2 :: ca 2 — cd 2 : dE 2 .’ q.e.d. 


CoROL. 
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CoROL. I. If two circles be defcrihed on the two axes 
as diameters, the one infcribed within the ellipfe, and the 
other circumfcribed about it; them an ordinate in the 
circle will be to the correfpondi ng ordinate in the ellipfe, 
as the axis of this ordinate, is to the other axis. 

That is, ca: ca :: dg : de, 
and ca : ca :: dg : dE. 

For, by the nature of the circle, ad-db = DG 1 ; theref. by 
the nature of the ellipfe, ca 1 : eg:: ad-ds\ or dg 1 : deS 

or ca : ca : dg : de. 

In like manner ca : ca :: dg t : dE# 

Moreover, by equality, dg : de or cd dE or DC ; dg. 

Therefore cgG is a continued ftrait line. 

Corol. 2. Hence alfo, as the ellipfe and circle are 

made up of the lame number of correfponding ordinates, 

* 

which are all in the fame proportion of the two axes, it 
follows that the areas of the whole circle and ellipfe, as 
alfo of any like parts of them, are in the fame proportion 
of the two axes, or as the fquare of the diameter to the 
rectangle of the two axes ; that is, the areas of the two 
circles, and of th6 ellipfe, .are as the fquare of each axis 
and the redtangle of the two, and therefore the ellipfe is a 
mean proportional between the two circles. 


PRO- 
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PROPOSITION IV. 


The Square of the Diftance of the Focus from the 
Center, is equal to the Difference of the Squares of 
the Semi-axis; Or, the Square of the Diftance be¬ 
tween the Foci, is equal to the Difference of the 
Squares of Ae two Axes. 

That is, cf 2 = ca 1 - ca 2 , 
or rf* = ab 1 — ab 2 . 



IN 



y 


For, to the focus f draw the ordinate fe ; which, 
by the definition, will be the femi-parameter. Then by 
the nature of the curve ca 2 : ca 2 :: ca 1 — cf 2 : fe 2 ; 

and by the def.Qf the para, ca* : ca 1 :: ca 2 : fe 2 ; 

therefore ca* = ca 2 — cf 2 ; 

and by addit. andfubtr. cf 1 = ca* — ca 2 ; 

or, by doubling, Ff 2 = ab 2 — ab 2 . q.e.d. 


,v** 

Corol. i. The two femi-axes, and the focal diftance • 
from the center,* are the fides of a right angled triangle 
era ;yj||ithe diftance Fa from the focus to the extremity 
of the' conjugate axis, is = ac the femi-tranfverfe. 


For 
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For, as above, ca* — ca* = cf*, 
and by right atfigled triangles Fa* — ca* = cf*, 
therefore ca = Fa, and ab = Fa -+- fa. 

Corol. 2 . The conjugate femi-axis ca is a mean 
proportional between af, fb, or between Af, fB, the dif- 
tances of either focus from the two vertices. 

For ca* = ca* — cf* = ca -+- cf»ca — cf = af*fb. 


Corol. 3. The fame re&angle af*fb of the focal 
diftances from either vertex, is alfo equal to the re&angle 
ac • fe under the femi-tranfverfe and its femi-parameter ; 
fmce this laft is equal to the fquare of the femi-conjugate 
by the definition of the parameter. 

Or af : fe :: ac : fb. 


PRO- 
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PROPOSITION V. 


The Difference between the Semi-tranfverfe and a Line 
drawn from the Focus to any Point in the Curve, is 
equal to a Fourth Proportional to the Semi-tranfverfe, 
the Diftance from the Center to the Focus, and the 
Diftance from the Center to the Ordinate belonging to 
that Point of the Curve. 

That is, ac — fe = ci, or fe = ai ; 
and fE — ac = ci, or fE = bi. 

Where ca : cf :: cd : ci the 4th proportional to ca, cf, cd. 



For, by right angled triangles, fe* = fd* -h de*. 

Now; draw ag parallel and equal to ca thefemi-conjugatc ; 
and join cg meeting the ordinate de in h. 


Then, by prop. 2 , ca* : ag* :: ca* — cd* : de* ; 

*nd, by fim. tri. ca* : ag* :: ca* — cd* : ag* — dh*; 
confequently de* = ag* — dh* = ca* — dh*. 

Alfo fd = cf to cd, and fd* = cf* — 2CF*cd -i- cd*; 
therefore fe* = cf* ca* — 2 CF-CD •+■ cd* — dh*. 

But 
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But by prop. 4 . ca 4 -+- cf 4 = cA a 
and, by fiippofttion, 2CF*cd == 2CA*ci; 
theref. fe 4 = ca 4 — 2 ca«ci -+■ cd* — dh*. 

But, by fuppofition ca 4 : cd 4 :: cf 4 or ca 4 — ag 4 : ci 4 ; 
and, by fun. tri. ca 4 : cd 4 : : ca 4 — ag 4 ; CD 4 — dh 4 j 
therefore ci 4 = cd 4 — dh 4 j 
confequently fe 4 = ca 4 — 2ca»ci -+- ci 4 . 

And the root or fide of this fquare is fe = ca — ci = ai. 

In tjie fame manner is found f e = ca Ci = bi. q^e.d. 


Corol. 1. Hence ci or ca — fe is a 4th proportional 
to ca, cf, cd. 


Corol. 2. And fR— fe = 2Ci; that is, the dif¬ 
ference between two lines drawn from the foci, to any 
point in the curve; is double the 4th proportional to # 
ca, cf, CD. 


C 


PRO* 
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IS 


PROPOSITION VI. 


The Sum of two Lines drawn from the Foci, to meet in 
any Point of the Curve is equal to the Tranfverfe 
Axis. 


That is, fe ■+■ f e = AB. 



For, by the laft prop, fe = ca — ci = ai, 
and, by the fame, fE = ca -4- ci = bi ; 
theref. by addition, FE-t-fe = ab. 


Corol. Hence is derived the common method of de- 
fcribkflfethe curve mechanically by points, or with a thread, 

thusfl®^ 



In 
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In the tranfverfe take the foci F, f, and any point i. 
Then with the radii ai, bi, and centers f } f, de- 
fcribe arcs interfering in E, which will be a point in 
the curve. In like manner, afluming other points i, 
as many other points will be found in the curve. Then 
with a fteady hand, draw the curve line through all the 
points of interfedtion £. 

Or, take a thread of the length of ab the tranfverfe 
axis, and fix its two ends in the foci F, f, by two pins. 
Then carry a pen or pencil round by the thread, keep¬ 
ing it always ftretched, and its point will trace out the 
curve line. 


C a 


*R0 
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CONIC SECTIONS 


PROPOSITION Vll. 


if from any Point I in the Axis produced, a Line ieh be 
drawn cutting the curve in Two Points 5 and from 
thofe Two Points be drawn the Perpendicular Ordi¬ 
nates i>E, gh i and if k be the Middle of dg, and 
• c the Center or the Middle of ab : Then fhall ck be 
to ci as the Rectangle of ad and ag to the Square 
of AI. 


That is, ck : ci :: ad*ag : ai\ 



«For, by prop. 1. ad*db : ag-gb :: de 4 . gh 4 , 
and by fun. tri. id 4 : ig 4 :: de 4 : gh 4 ; 
theref. by equality, ad*db : ag*gb :: id 4 : 19 4 . 

But DB as 2 CK *+■ ag, and gb — 2 CK -4- AD, 
theref. ad • acit -+* ad • ag : ag • acK ■+■ ad • ag :: id%* ig 4 , 
and^bydiv.DG. acK iG*—i» a or tfo*. a nc . ad .ick+ab. ag id 4 . 

or 2 CK : 21K :: adUck *+• ad*ag : id 4 

* * 

or AD-2CK : AD*2IK AD.2CK -4- AD*AG : ID 4 j 

theref. 
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M 

theref* by div, ck : ik :: ad*ag : id 1 —ad*2IK, 

< ", - 

and, by comp, ck; : ci f:' ad«ag : ID 4 — A#*id - 4 - ia, 

or ck ; ci : : ad»ag : ai*. q.e*d. 

Coro l . When the line ih, by revolving about the? 
point i, comes into the pofition of the tangent it, and 
the ordinate lm being drawn, then the points £ and h 
meet in the point t, and the points D, k, g, coincide 
with the point m ; and then the property in the proportion 
becomes cm : ci :: am* : ai*. 


c 3 


r K o- 
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PROPOSITION VIII. 


If a Tangent and Ordinate be drawn from any Point in 
the Curve, meeting the Tranfverfe Axis; the Semi- 
tranfverfe will be a Mean Proportional between the 
Diftanees of the faid Two Interfe&ions from the 
Center. 

That is, ca is a mean proportion between CD and 
ct ; or cd, ca, ct are continued proportionals. 



For, by cor. prop, 7, cd : ct :: ad 4 : at 4 , 
*■ that is, cd : CT 


or 

and 

and 

therefore 


:: CA — cd : ct — ca > 

:: cd 4 -+-ca 4 : ca 4 - 4 -ct 4 , 


CD : ca :: 


CD 

CA 4 

CA 


CA j 

ct 4 ; 

CT. 


Q^E* D« 


CpRoL. i. Since ct is always a third proportional to 
cd, ca; if the points d, a, remain conftant, then will 
the point t be conftant alfo ; and therefore all the tangents 
will meet"in this point t, which are drawn from e, of 
, , • ■ ■ every 
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every ellipfe defcribed on the fame axis ae, where they 
are cut by fhe common ordinate dee drawn from the 
point d. 

Corol. 2. Hence a tangent is eafily drawn to the 
curve, from any point, either in the curve or without it. 

Firft, if the <riven point e be in the curve. Draw 
the ordinate de of the diameter ac ; and in the diameter 
produced take ct a third proportional to cd, ca. Then 
join te for the tangent required. 

But if the point t be given any where without the 
curve. Join ct, in which take cd a third proportional 
to ct, ca ; and draw the ordinate de. Then join te as 
before. 


C 4 
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CONIC SECTIONS. 


PROPOSITION IX. 


If there beany Tangent meeting Four Perpendiculars to 
the Aids drawn from thcfe four Points, namely the 
Center, the two Extremities of the Axis, and the 
Point of Contact j thofe Four Perpendiculars will be 
Proportionals. 


That is, ag : de :: ch * bi. 



FjOf, by prop. 8 , tc : ac :: ac : dc, 

theref. J^div- ta : ad :: tc : ac or cb, 

and by I^Blhp. ta : td :: tc : tb, 

and by lim. tri. ag . de :: ch : bi. q.e.d. 


Coj|*L. 


Hence ta, td, tc, tb 
and tg, te, th, ti 


i 


are alfo proportionals. 


Forthef^ie as ag, pb, cjj, bi, by fimilar triangles. 


PRO- 
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PROPOSITION X, 

If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Co»ta£t; thefe two Lines will 
make equal Angles with the Tangent. 


That is, theZ_FFf = Z.f Ee. 



For draw the ordinate de, and fe parallel to fe. 

By cor. i. prop. 5, ca : cd .: cf : ca — fe, 

and by prop. 8, ca : CD :: ct : ca ; 

therefore c r : cf :. ca : ca — fe ; 

and by add. and fub. tf : Tf .. fe . 2CA — fe or fE by prop. 6. 

But by fim. tri. tf : Tf :i fe : fe } 

theiefore fE = fe, and confeq. Z_e = Z-f£e. 

But, becaufe FE is parallel tofe, the Z.e == Z.FET j 

therefore the Z. fet = Z-fEC. q.e.d. 

* 

Corol. As opticians‘find that the angle of incidence 
is equal to the angle of reflection, it appears from our 
• propolltion, that rays of light ifiuing from the one 
focus, and meeting the curve in every points will be re¬ 
flected into lines drawn from the other focus. So the* 

» ray fE is reflected into fe. And this is the rq^fon why 
the points f, f are called foci, or burning points. 


PRO-* 
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PROPOSITION XI. 


If a Line be drawn from either Focus, Perpendicular to 
a Tangent to any Point of the Curve ; the Diftance of 
their Inter fe&i on from the Center will be equal to the 
Semi-tranfverfe Axis. 

That is, if fp, fp be perpendicular to the Tangent 
TPp, then ihall cp and cp be each equal to ca or 
CB. 



-i 

For,? through the point of contact e draw fe and 
fE meeting fp produced in g. Then, the L. gep = Z. fep, 
being each equal to the L. f e p, and the angles at p being 
iright, and the fide pe being common, the two triangles 
Hjep, fep are equal in all refpe&s, and fo ge = fe, and 
GP a= fp. Therefore, finte fp •= ± fg, and fc = Ifrf, 
^and tjie angle at f common, the fide cp will be 
or f ab, that is cp =s= ca or cb. 
ki the fame manner cp = ca or cb. q.e.d. 

CoROL. 



OF THE ELLIPSE. 


*7 


Corol. i. A circle defcribed on the tranfverfe axis, 
as a diameter, will pafs through the points p, p; becaufe 
all the lines ca, cp, ep, cb, being equal, will be radii 
of the circle. 

Corol. 2. cp is parallel to fE, and cp parallel to 

FE. 


Corol. 3. If at the interfe&ions of any tangent, with 
the circumfcribed circle, perpendiculars to the tangent be 
drawn, they will meet the tranfverfe axis in the two foci. 
That is, the perpendiculars pf, pf give the foci F, f. 


PRO* 
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PROPOSITION XII. 


The equal Ordinates, or the Ordinates at equal Diftances 
from the Center, on the oppofite Sides and Ends of an 
Ellipfe, have their Extremities connected by one Right 
Line paffing through the Center, and that Line is 
bife&ed by the Center. 


That is, if CD = cg, or the ordinate de = gh ; 
then fliall ce = ch, and ech will be a right line. 





For, when cd = cg, then alfo is* de = gh by cor. 2. prop. 
But the Ji.T> = jLg, being both right angles ; 
therefore the third fide ce — ch, and the L. dce = L* gci 

and confequently ech is a right line. 

* 

Corol. i. And, conVerfely, if ech be a right line 
paffing through the center $ then fhall it be bife&ed by the 
‘center, or have ce = ch i alfo de will be = gh, and 
CD = C#* 


CoROE. 
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Corol. 2. Hence alfo, if two tangents be drawn to 
the two ends e,*h of any diameter eh they will bepi- 
rallel to each other, and will cut the axis at equal angles, 
and at equal diftances from the center. For, the two 

cd, ca being equal to the two cg, cb, the third pro¬ 
portionals ct, cs will be equal alfo ; then the wo fides 

ce, ct being equal to the two ch, cs, and the included 
angle ect equal to the included angle hcs, all the other 
correfponding parts are equal: and fo the L T =s £ s, 
and te parallel to hs. 

Corol. 3. And hence the four tangents, at the four 
extremities of any two conjugate diameters, form a pa¬ 
rallelogram circumfcribing the ellipfe, and the pairs of 
oppolite Tides are each equal to the correfponding parallel 
conjugate diameters. 

For, if the diameter eh be drawn parallel to the tangent 
te or hs, it will be the conjugate to eh by the de¬ 
finition j and the tangents to eh will be parallel to each 
other, and to the diameter eh for the fame reafon. 


PRO- 
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PROPOSITION XIII. 


If two Ordinates ED, ed be drawn from the Extremities 
e, e, of two Conjugate Diameters, and Tangents be 
drawn to the fame Extremities, and meeting the 
Axis produced in t and r ; 


Then fliall cd be a mean Proportional between cd, dR, 
and cd a mean Proportional between cd, dt. 



For, by prop. 8, cd : ca : ca : ct, 
and by the fame cd : ca : ca : cr ; 

theref. by equality cd : cd : Cr : ct. 

But by lim. tri. * dt ; c d : ct : CR $ 

theref. by.equality CD : cd : cd : dt. 

In like manner cd ; cd : cd : dR. <^e.d. 


Coroe, 
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Corol. i. Hence cd : cd :: cr : ct. 

i 

Corol. 2. Hence alfo cd : cd :: de : de. 

And the reft. cd*de = cd*de, or A cde = A cde. 

Corol. 3. Alfo cd a = cd*dt, 
and CD a = cd«dR. 

Or cd a mean proportional between CD, dt; 
and cd a mean proportional between cd, da. 


PRO- 
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PROPOSITION XIV. 


The fame Figure being conftru&ed as in the laft Propo¬ 
rtion, each Ordinate will divide the Axis, and the 
Semi-axis added to the external Part, in the fame 
Ratio. 


That is, da : dt :: dc : db, 
and d a : da :: dc : d b. 



For, by prop. 8, cd : ca :: ca : ct, 

and by div, cd : ca :: ad : at, 

and by comp. CD : db :: ad : dt, 

or da : dt :: dc : db. 

In like manner dA : dR dc : da. q^e.d. 

Corol. i, Hehce, and from cor. 3 to the laft prop, 
we have 

cd* = cd*dt = ad»db = ca 2, — cd% 

CD 2, = cd«dR s Ad'dB = CA 2 — cd*. 


Corol. 
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Corol. 2. Hence alfo ca* = cd* *4- cd\ 

, and ca* = de* + de\ 

Corol. 3. Farther, becaufe ca* : ca* :: ad*db or cd 4 ; Di*, 
therefore ca : ca :: cd ; de. 

like wile ca ; ca :: cd : dc. 


D 
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CONIC SECTIONS. 


PROPOSITION XV. 


If from any Point in the Curve there be drawn an 
Ordinate, and a Perpendicular to the Curve, or to 
the Tangent at that Point; 

The Diftance on the Tranfverfe, between the Center 
and Ordinate, cd : 

Will be to the Dillance pd :: 

As the Square of the Tranfverfe Axis: 

To the Square of the Conjugate. 

■f 

That is, ca* : ca 1 :: dc : dp. 



For, by prop. 2,ca* : ca 1 :: ad*db :de% 

But^|^y rt. angled as, the red. td-dp = de*; 
and, % cor. i prop. 14, cd*dt = ad*dr; 
therefore ca 1 : ca* :: td*dc : td*dp, 

AC*:ca*:: dc : dp. c^e.d. 


pro- 
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PROPOSITION XVI. 


All the Parallelograms circumfcribed about an Ellipfe 
are equal to one another, and each equal to the 
Re&angle of the two Axes. 


That is, the Parallelogram pqns = the re&angle AB*ab. 



Let eg, eg be two conjugate diameters parallel to the 
fides of the parallelogram, and dividing it into four lefler 
and equal parallelograms. Alfo draw the ordinates de, de, 
and ck perpendicular to pq. 


D 2 


Then, 
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CONIC SECTIONS. 



Then, by prop. 8, ct : ca :: ca : cd ; 
and, by cor. 3 prop. 14, ca : de :: ca : cd ; 

theref. by equality, ct : ca :: ca : de. 

And by fim. tri. ct : ,ck :: ce : de, 

theref. by equality ck : ca :: ca : ce, 

and the reft. CK*ce = reft. CA»ca. 

But the reft. cK»ce = the parallelogram CEQe ; 
theref. the reft. cA*ca = the parallelogram CEQe ; 
and, by doubling, the reft. AB*ab =. the paral. pqrs. q^e.d. 


CoRol. 1. The rectangles of every pair of conjugate 
diameters, are to one another reciprocally as the fines of 
theliPincluded angles. For the areas of their parallelo¬ 
grams, which are all equal among themfelves, are equal 
to the rcftangles of the fides, or conjugate diameters, 
multiplied by the fines of their contained angles, the radius 
being I. That is, the reftangle of every two conjugate 
diameters,, drawn into the line of their contained angle, 
is equal, to the fame conllant quantity. And therefore the 
* reftangle of the diameters is inverfely as the fine of their 
contained angle. 


CoROL. 
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Corol. 2. As it is proved in this propofition that 
every circumscribing parallelogram of an ellipfe is a 
conftant quantity, fo it may hence be {hewn that each of 
the Spaces EAgP, Eaeq^ GBeR, Gbgs, between the curve 
and the tangents, is equal to a conftant quantity. For, 
Since every diameter bife&s the ellipfe, the conjugate 
diameters eg, eg divide the ellipfe into four equal fe<ftors 
CEAg, CEae, cGBe, CGbg; but the fame conjugate 
diameters divide alfo the whole tangential parallelogram 
fqrs into four equal parts, or Small parallelograms CEPg, 
CEqe, CGRe, CGsg ; and therefore the differences be¬ 
tween thefe fmall parallelograms and the fedftors, which 
are the faid external Spaces, muft be all equal among 
themfelves. 


And as the ellipfe and circumfcribing parallelogram 
both remain conftant, the difference of their fourth parts 
will alfo be II cpnftant quantity. That is, the faid ex¬ 
ternal parts are each equal to the fame conftant quan¬ 
tity. 


D 3 


•PRO- 
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PROPOSITION XVII. 

The Sum of the Squares of every Pair of Conjugate 
Diameters, is equal to the fame conftant Quantity, 
namely the Sum of the Squares of the two Axes, 

That is, ae* -*- ab* = eg* hh eg*, where eg, eg are 
any conjugate diameters. 



For draw the ordinates ed, ed. 

Then, by cor. 2 prop. 14, ca 1 = cd* cd*, 
and . ca* = DE* -+■ de*; 

therefore the fum c A* -1- ca* = cd* de* •+• cd* de*. 
But, byrt. Z.ed As, ce* = cd* -h de*, 
and ce a = cd* -+- de*; 

t 

therefore ce* -+- ce a = cd* -4- de* -+- cd* ■+• de*. 

1 confequently ca* -4- ca* = ce* -4- ce* ; 

Or, by doubling, ae* -4* ab* = eg*-*- eg*. q.e.d. 


pro- 
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PROPOSITION XVIII. 

If there be Two Tangents drawn, the One to the Ex¬ 
tremity of the Tranfverfe, and the other to the Extre¬ 
mity of any other Diameter, each meeting the other’s 
Diameter produced j the two Tangential Triangles fo 
formed, will be equal. 

That is, the triangle cet = the triangle can. 



For, draw the ordinate de. Then 
By fim, triangles cd : ca :: ce : CN; 
but, by prop. 8, cd : ca :: ca : ct ; 
theref. by equal, ca : ct :: ce : cn. 

The two triangles cet, can have then the angle c 
common, and the fides about that angle reciprocally pro¬ 
portional ; therefore thofe triangles are equal. 

Namely the A cet = A can. 

Corol. i. From each of the equal tri. cet, can, 

, take the common fpace cape, 

and there remains the external A pat = A pne. 

Corol. 2. Alfofrom the equal triangles cet, can, 
take the common triangle ced, 

and there remains the a ted = trapez, anid. 

D 4 PRO- 
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CONIC SECTIONS. 


PROPOSITION XIX. 


The fame being fuppofed as in the laft Proportion ; 
then any Lines k<^_, gq^ drawn parallel to the two 
Tangents, fhall alfo cut off equal Spaces. 

That is, the Triangle kqg = Trapez. anhg. 
and the Triangle Kqg = Trapez. ANhg. 
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For draw the ordinate de. Then 
The three fim. triangles can, cde, cgh, 
are to each other as ca% cd% cg 2 ; 
theref.bydiv. the trap, aned : trap, anhg :: ca* — cd z : ca 2 — cg 2 . 
But, by prop, i, de 2 : gq^ :: ca 2 — cd 2 : ca 2 — cg 2 . 


theref. by equ. trap, aned : trap, anhg :: de* : gq^- 
But, by fim. As, tri. ted : tri. kqg :: de* : gq^; 
iref. by equal. aned : ted :: anhg : kqg. 

fir 

Sut, by cor. 2 prop. 18, the trap. aned = A ted; 

and therefore the trap. anhg = A kqg. 

f In like manner the trap. ANKg = A Kqg. q^e.d. 


Corol. i . The three fpaces anhg, tehg, kqg are all equal. 

Corol. 
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Corol. t. From the equals anhg, kqg, 
take the equals ANhg, Kqg, 
and there remains ghHG = gqQG. 

Corol. 3. And from the equals ghHG, gqqG, 
take the common fpace gqLHG, 
and there remains the A lqh = A Lqh. 

Corol. 4. Again from the equals kqg, tehg, 
take the common fpace klhg, 
and there remains telk = A LQH. 

Corol. 5. And when, by the lines kq^ gh, moving 
with a parallel motion, kq^ comes into the pofition IR, 
where cr is the conjugate to ca ; then 

the triangle kqg becomes the triangle IRC, 
and the fpace anhg becomes the triangle anc ; 
and therefore the A irc = A ANC =■ A tec. 



, x Corol. 6. Alfowhen the lines KQ^and hq^, by moving 
with a parallel motion, come into the pofition ce, Me, 
the triangle lqh becomes the triangle ceM, 
and the fpace telk becomes the triangle TEC ; 
and theref, the A ceM = A tec = A anc = A irc. 


pro- 
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PROPOSITION XX. 


Any Diameter bife&s all its Double Ordinates, or the 
Lines drawn Parallel to the Tangent at its Vertex, or 
to its Conjugate Diameter. 


That is, if qcj be parallel to the Tangent te, or to ce, 
then ftiall l<^= Lq. 



For draw QH, qh perpendicular to the tranfverfe. 

Then by cor. 3. prop. 18, 19, the A lqh = A Lqh ; 
but thefe triangles are alfo equiangular ; 
confeqiiently their like fides are equal, 

therefore l<^= Lq. Q..E.D. 


Coroi , 



Corol. Any diameter divides the ellipfe into two 
equal parts. * 

For, the ordinates on each fide being equal to each 
other, and equal in number; all the ordinates, or the area, 
on one fide of the. diameter, is equal to all the ordinates, 
or the area, on the other fide of it. 
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PROPOSITION XXI. 


As the Square of any Diameter : 

Is to the Square of its Conjugate :: 

So is the Re&angle of any two Abfciffes : 
To the Square of their Ordinate. 


That is ce* : ce* :: el*LG or ce* — cl* : lc£. 



For draw the tangent te, and produce the ordinate 
ql to the tranfverfe at k. Alfo draw qH, eM perpen¬ 
dicular to the tranfverfe, and meeting eg in h and m. 


Then fimilar triangles being as the fquares of their like 

Tides* wp fhall have, 

$• 

' i 

by fim. triangles, A cet : A clk :: ce* : cl* j 

or, by divifion, A cet : trap, telk :: ce*: ce* — cl*. 

Again, byJjin. tri. A ceM : A lqh :: ce* : lq\ 

But,5 prop. 19, the A ceM = A cet, 

Upd, by cor. 4 prop. 19, the A lqh = trap, telk ; 

„ jpieref. by equality, ce 2 : ce* :: ce* — cl* : lq^, 
ffffe- ce* : ce* :: el*lg : Lqf. q-E-n. 


CoROI.f 
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Corol. I. The fquares of the ordinates to any 
diameter, are to one another as the re&angles of their 
refpe&ive abfcifles, or as the difference of the fquares of 
the femi-diameter and of the diftance between the ordi¬ 
nate and center. For they are all in the fame ratio of 
ce z to ce z . 


Corol. 2. The above being the fame property as 
that belonging to the two axes, all the other properties 
before laid down, for the axes, may be underffood of any 
two conjugate diameters whatever, ufing only the oblique 
ordinates of thefe diameters inftead of the perpendicular 
ordinates of the axes > namely, all the properties in pro- 
pofitions 7, 8, 9, 12, 13, 14, 18 and 19. 


PRO- 
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PROPOSITION XXII. 


If any Two Lines, that any where interfeft each other, 
meet the Curve each in Two Points ; then 
The Re&angle of the Segments of the one : 

Is to the Rectangle of the Segments of the other:: 

As the Square of the Diam. Parallel to the former: 

To the Square of the Diam. Parallel to the latter. 

That is, if cr and cr be Parallel to any two Lines PHQ^pHq 
then (hall cr* : cr 2 :: ph»hqj pH»Hq. 



For draw the diameter che, and the tangent te and 

its parallels pk, ri, mh, meeting the conjugate of the 

diameter cr in the points t, k, I, m. Then, becaufe 

fimilar triangles are as the fquares of their like fides, we 

have, 

* 

by fim.,triangles, cr 2 : gp* :: A cri : A gpk, 

and cr 2 : gh 2 :: A cri : A ghm; 

th|&ef. bydivifion, cr 2 : gp* — gh* :: cri : kphm. 

Mnn^by fim. tri. ce* : ch 2 :: A cte : A cmh ; 

Hi by divifion, ce 2 : ce 2 — ch 2 :: A cte : tehm. 

Rut, 
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But, by cor. 5 prop. 19, the A cte = A cir, 
and by cor. 1 prop., 19, tehg — kphg, or tehm = kphm; 
theref. by equ. CE a : ce 2 — CH a :: CR* : gp 2 — GH Z or PH*Hq. 
In like manner ce 2 : ce 1 — ch 3, :: cr 2 : pH • Hq. 

Theref. by equal cr 2 : cr a :: ph^hq^ : pn*Hq. Q.E.D. 

Corol. 1. In like manner, if any other line p'H'q', 
parallel to cr or to pq, meet PHQ^j fince the reCtangles 
ph\, p'n'q' are alfo in the fame ratio of cr 2 to cr a ; 
theref. the reCt. phq^: pHq :: ph'q^ : p'H'q'. 

Alfo, if another line p'hQ^ be drawn parallel to pq^ 
or cr ; becaufe the rectangles p'hq^, p'hq' are ftill in the 
fame ratio, therefore, in general, 

the reCtangle pnq_: pHq :: p'hc£: p'hq'. 

That is, the reCtangles of the parts of two parallel 
lines, are to one another, as the reCtangles of the parts 
of two other parallel liqes, any where interfe&ing the 
former. 

Corol. 2. And when any of the lines only touch the 
curve, inftead of cutting it, the reCtangles of fuch become 
fquares, and the general property ftill attends them. 



k That is, cr* : cr 2 : : te 2 : Te 3 , 
or CR : cr : : te : Te. 
and cr : cr :: tE : te. 

Corol. 3. And hence te : Te tE : te. 
4 
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PROPOSITION I. 

The Squares of the Ordinates of the Axis are to each 
other as the Rectangles of their Abfcifles, 

Let avb be a plane pafling 
through the vertex and axis of 
the oppoftte cones ; agih an¬ 
other fedtion of them perpen¬ 
dicular to the plane of the for¬ 
mer ; ab the axis of the hy¬ 
perbolic ledtions; and fg, hi 
ordinates perpendicular to it. 

Then 

FG* : HI 2 :: AF *FB t AH* Hi*. 

For, through the ordinates 
fg, hi draw the circular fections kgl, min parallel to 
the bafe of the cone, having kl, mn for their diameters, 
to which fg, hi are ordinates, as well as to the axis of 
the hyperbola. 

Now, by the fimilar triangles afl, ahn, and bfk, bhm, 
we have af : ah : : fl ; hn, 

«'•' and fb : hb :: kf : mh ; 
hence/jtaking the redfcangles of the correfponding terms, 
we*%avc the redl. af*fb : ah*hb :: k.f*fl : mh*hn. 
l|ai, t>y thd nature of the circle, kf*fl = fg% andMH*HN = Hi 4 ; 
Therefore the redt. af*fb ; ah*hb :: fg z : hi*. q.e.d. 

CoROL. 
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Corol. I. All the parallel fedfions are fimilar figures, 
or have their two axes in the fame proportion j that is, 
ab : ab : : de : de. 

For, by fun. triang. ai^ : ab :: aqj aq, 
and ab : ab :: rb : rb ; 

Thercf. by comp, ab 1 : ab" 1 :: aq^rb : aq*rb. 

But A'wrb = de 1 , and aq-rb = de 2 ; 

Therefore An 1 : ab 1 : : DE 1 : dc% 
or a a y ab :: de : de. 

Corol. 2. Hence alfo, as the property is the fame for 
the ordinates on both Tides of the diameter, it follows, that 

1 ft. At equal dhhinces from the center, or from the 
vertices, the ordinates on both fides are equal, or that ihc 
double ordinates are bd'cctcd by the axis ; and that the 
whole figure, made up of all the double ordinates, is alfo 
bifedted by the axis. 

2d. The two foci are equally diftant from the center, 
er from either vertex. 

Corol. 3. When the angle, which the plane of the 
fection makes with the bafe of the cone, decreafes till it be¬ 
come equal to the angle made by the fide of the cone and. 
the hafe, or till the fedtion be parallel to the oppofite fide of 
the bafe ; then the axis becomes infinitely long, and the 
hyperbola degenerates into a parabola ; and becaule then the 
infinites fb and hb are in a ratio of equality, the general 
property, 

•••namely af-fb : ah*hb :: fg* : hi 1 , 

becomes af : ah :: fg 2 : hi 2 , 
or, in the parabola, the abfeifles are to^each other, as the 
fquares of their ordinates. 


E 


PRO- 
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CONIC SECTIONS. 


PROPOSITION II. 

As the Square of the Tranfverfe Axis : 

Is to the Square of the Conjugate :: 

So is the Redangle of the Abfcifles : 
To the Square of their Ordinate. 

That is, ab~ : ab- or ac 4 : ac 4 :: ad-db : de 4 



For, by prop. i. aocr : ad*dc :: ca 4 : de 4 ; 

But, if c be the center, then ac*cb = Ac 4 ,and ca is thefemi-conj. 
Therefore ac* : ad»db :: ae 4 : df.* ; 

or, by permutation, ac 1 : ac* :: ad*db ; de 4 ; 

or, by doubling, ab 4 ; ab 4 :: ad*db : de*. q^e.d. 

Corol. i. Or, becaufe the redangle ad*db = ca 4 ■—cd% 
the fame property is ca 4 : ca 4 :: CD 4 — ca* : de 4 , 

or ab 4 : ab 4 :: cd* — ca 1 : de 4 . 

Corol. 2. Or, by div. ab : :: cd 4 — ca 4 : de 4 , 

ab 

that is, ab : p :: ad»db or cd 4 — ca 4 : de 4 $ 

a v ah 2 

where p is the parameter — by the definition of it. 

AB 


4 


That 
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That is, As the; tranfverfe, 

Is to its parameter. 

So is the re&angle of the abfeifles, 

To the fquare of their ordinate. 

Corol. 3. When the axis ab is infinitely long, the 
curve becomes a parabola, and the infinites ab, db are 
then in a ratio of equality; and then the laft property, 
namely ab : p ::ad*db: de 1 ; 

or ah • de : AD»DB :: p : de, 

becomes de : ad :: p : de, 

or ad : de :: de : p . 

That is, in the parabola, the parameter is a third pro¬ 
portional to any abfeifs and its ordinate. 
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CONIC SECTIONS. 


PROPOSITION III. 


As the Square of the Conjugate Axis : 

To the Square of the Tranfverfe Axis :: 

So is the Sum of the Squares of the Semi-conjugatt. 
and Diifance of the Center from any Ordinate of this 
Axis; 

To the Square of that Ordinate, 

That is, ca 2 : ca 2 :: ca 2 ■+■ cd 2 : de 2 . 



For draw the ordinate ed to the tranfverfe ab. 

Then, by prop. i. ca 2 : ca 2 :: cd 2 — ca 2 : de 2 . 

But cr > 2 = dE 2 , and de 2 = cd 2 , 
therefore ca 2 : ca 2 :: dE 2 —■’c/t 2 : cd 2 , 

or by alternation, ca 2 : dp . 2 —. ca 2 :: ca 2 : cd 2 , 
and by compofition, ca 2 : dE 2 :: ca 2 : ca 2 ■+■ cd 2 , 
andbySttter.&inverf. ca 2 : ca 2 :: ca 2 ■+• cd 2 : dE 2 . 

In like manner ca* : ca 2 :: ca 2 cd 2 : De 2 , q.e.d. 

OoROL* 
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Corol. By the lad prop. ca 7 : ca 7 :: cd 7 — ca* : de% 

« 

and by this prop, ca 1 : ca 7 CD 7 ca 5 : dc% 

therefore de 7 : Ty ? :: cu 2 — ca 7 : CD 7 -i- ca 7 . 

In like manner de 2 : dE 7 :: cd 7 -*• ca 7 : cd 7 ca*. 


E 3 


PRO- 
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COKIC SECTIONS 


PROPOSITION IV. 

The Square of the Diftance of the Focus from the 
Center, is equal to the Sum of the Squares of the 
Semi-axes. 

Or, the Square of the Diftance between the Foci, is 
equal to the Sum of the Squares of the two Axes. 


That is, cf* =■ c a 1 -+- ca 1 , 
or fP ~ ab 1 + ab\ 




T IV 

i 

/ 

/ 


q 

i 

| 
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For, to the focus f draw the ordinate fe ; which, 
by the definition, will be the femi-parameter. Then by 
the nature of the curve ca 1 : ca 1 cf 1 — c/ ? *. fe 1 ; 

and by the def. of the para. ,c a 1 : ca 1 :: ca 1 : fe 1 ; 

therefore ca s = cf 1 - ca 1 ; 

and by addit. cf* = ca 2 ca 1 ; 

or, by doubling, fP = ab 1 -4- ab 1 . q^e.d. 

Corol. i. The two femi-axes, and the focal diftance 
from the center, are the Tides of a right angled triangle 
CAa; and the diftance Aa is = cf the focal diftance. 

Fo 
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For, as above, ca 1 4 - ca 2 = cf 2 , 
and by right angled As, ca 1 -f- ca 2 = Aa 2 , 

therefore cf —- Aa, and f f = Aa - 4 - Ba. 

Corol. 2 , The conjugate femi-axis ca is a mean 
proportional between af, fb, or between Af, fs, the dis¬ 
tances of either focus from the two vertices. 

For ca 2 = cf 2 — ca 2 — ^f ca*cf - ca = af-fb. 


Corol. 3. The fame rectangle af-fb of the focal 
diftances from either vertex, is aIfo equal to the re&angle 
ac-fe under the femi-tranfverfe and its femi-parameter; 
fince this laft is equal to the fquare of the femi-conjugate 
ty the definition of the parameter. 

Or af : fe :: ac fb. 


£ 4 
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conic Sections. 


proposition v. 


The Difference between the Semi-tranfverfe and a Line 

drawn from the Focus to anv Point in the Curve, is 

#■ * 

equal to a Fourth Proportional to the Scmi-tranfverfe, 
the Diflance from the Center to, the Focus, and the 
Diltance from the Center to the Ordinate belonging to 
that Point of .the Curve. 

That is, ac — fe = ci, or fe = ai ; 
and fp — ac = ci, or f£ = bi. 

Where ca : cf :: cd : ci the 4th proportional to ca, cf, cd. 



For, by right angled triangles, fe 2 = fd 1 -4- de 2 . 

Now draw ag parallel and equal to ca the femi-conjugate j 
and join cg meeting the ordinate de produced in h. 

Then, by prop. 2, ca 1 : ag 1 :: cd 1 ■— ca 4 : de* ; 

and, by fim. As, ca 2 : ag 2 :: cd 2 — ca 2 : dh 2 — ag 2 ; 

confequently de 2 = dh 2 — ag 2 = dh 2 — ca 2 . 

Alfo fd = cf «-> cd, and fd 2 = cf 2 — 2CF*cd -+- cd 2 ; 

therefore fe 2 = cf 2 — ca 2 — 2 CF«cd -+- cd 2 -+- dh 2 . 


But 
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But by prop. 4. cf 2 -+• ca 2 = ca 2 
and, by fuppofitifln, 2CF-CD = 2CA*ci; 
thercf. fe 2 = ca 2 — 2CA*CI -+- CD 2 ■+* dh 2 . 

But, by fuppofition ca 1 : cd 2 :: cf 2 or ca 2 -+- ag 2 : ci 2 ; 

and, by fi;n. As, ca 2 : cd 2 :: ca 2 -+- ag 2 : cd 2 ■+■ dh 2 ; 

therefore ci 2 = cd 2 *+* dh 2 = ch 2 ; 

confequently fe 2 ca 2 — 2 ca»ci - 4 - ci 2 . 

And the root or fide of this fquare is fe = ci — ca = ai. 

In the fame manner is’found f e = ci -+- CA = bi. Q.E.D. 
Corol. i. Hence ch = ci is a 4th proportional to 

CA, CF, CD. 

Corol. 2 . And fE - 4 - f:-. = 2CH or 2Ci ; or fe, ch, 
fE are in continued arithmetical progrellion, the common 

difference beinir ca the femi-tranfveric. 

• 


Corol. 3. From the demonftration it appears that 
de 2 = dh 2 — ag 2 = dh 2 — ca\ Confequently dh is 
every wlicre greater than de ; and fo the afymptotc cgh 
never meets the curve, though they be ever fo far pro¬ 
duced : but dh and de approach nearer and nearer to a 
ratio of equality as they recede farther from the vertex, 
till at an infinite diflancc they become equal, and the 
afymptotc is a tangent to the curve at an infinite diftance 
from the vertex. 


PRO 
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PROPOSITION VI. 

The Difference of two Lines drawn from the Foci, to 
meet in any Point of the Curve, is equal to the 
Tranfverfe Axis. 

That is, f e — fe = ab. 



For, by the laft prop, fe = ci — ca = ai, 
and, by the fame, fE — ci -t- ca = bi ; 
theref. by fubtra£ion, fE — fe = ab. 


Corol. Hence is derived the common method of de- 
fcribing the curve mechanically by points, thus. 



In 
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In the tranfverfe ab, produced, take the foci f, f, and 
any point i. Then with the radii ai, bi, and centers 
f, f, deferibe arcs interfering in e, which will be a point 
in the curve. In like manner, afluming other points I, 
as many other points will be found in the curve. 

Then with a fteady hand, draw the curve line through 
all the points of interfe< 5 tion £. 

In the fame manner are conftru&ed the other two hyper¬ 
bolas, ufmg the axis ab inllead of AB# 


PRO- 
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CONIC SECTIONS 


PROPOSITION VII. 


If from any Point I in the Axis produced, a Line if.h be 
drawn cutting the curve in Two Points ; and from 
thofe 7 'wo Points be drawn the Perpendicular Ordi¬ 
nates de, gh ; and if k be the Middle of dg, and 
c the Center or the Adiddle of ab : Then fhall ck be 
to ci as the Redtangle of ad and AG to the Square 
of AI. 


That is, ck : ci :: ad»ag : ai 1 . 



For, by prop. i. ad-db : ag*gb :: de 1 : gh% 
and by fim. A s , id 1 : ig 1 :: de 1 : oh 1 ; 
theref. by equal. ad*db : ag»gb :: id 1 : ig 1 . 

But DB = 2CK — AG, and GB = 2 CK — AD, 
theref. ad»2CK — ad.ag : ag*2ck — ad*ag:: id 1 : ig 1 , 

and, by div. DG • 2CK : IG 2 — ID* or DG . a IK :: AD . % CK — AD • aG : ID*. 

or 2 ck : 2IK :: ad • 2 CK — ad-ag : id 1 , 

or ad* 2 ck : ad» 2 IK :: ad» 2 CK — ad»ag : id 1 ; 

theref. 
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theref. by dm ck : ik :: ad*ag : ad*2ik — id*, 

and, by div. ck : Cl :: ad* AG : id* — ad*id ia, 

or ck : ci :: ad*ag : ai*. qjs.d. 

Corol. When the line ih, by revolving about the 

point i, comes into the pofition of the tangent il, and 
the ordinate lm being drawn, then the points e and h 
meet in the point l, and the points d, k, g, coincide 
with the point m ; and then the property in the proportion 
becomes cm : ci am* : ai*. 


PRO- 
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CONIC SECTIONS. 


PROPOSITION VIII. 


If a Tangent and Ordinate be drawn from any Point in 
the Curve, meeting the Tranfverfe Axis ; the Semi- 
tranfverfe will be a Mean Proportional between the 
Diftances of the faid Two Interfe£lions from the 
Center. 

That is, ca is a mean proportion between cd and 
ct ; or cd, ca, CT are continued proportionals. 



that is, 

CD 

: ct :: 

CD — CA : 

CA —CT > 

or 



CD a -4-CA* : 

caVct 1 , 

and 



cd* : 

CA 1 , 

and 



ca 1 : 

ct 1 ; 

therefore 

CD 

: ca :: 

CA 

CT. C^E.D. 


Corol. i. Since ct is always a third proportional to 
CD, ca ; if the points d, a, remain conftant, then will 
the point t be conftant alfo ; and therefore all the tangents 
will meet in this point t, which are drawn from e, of 

every. 
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every hyperbola defcribed on the fame axis ab, where they 
are cut by the “common ordinate dee drawn from the 
point D. 

Corol. 2. Hence a tangent is eafily drawn to the 
curve, from any point, either in the curve or without it. 

• • 

Firft, if the given point E be in the curve. Draw 
the ordinate de of the diameter ac ; and in the diameter 
produced take ct a third proportional to cd, ca. Then 
join te for the tangent required. 

But if the point T be given any where without the 
curve. Join ct, in which take CD a third proportional 
to ct, ca j and draw the ordinate de. Then join te as 
before. 


PRO- 
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CONIC SECTIONS. 


PROPOSITION IX. 

* ft 

If there beany Tangent meeting Four Perpendiculars to 
the Axis drawn from thefe four Points, namely the 
Center, the two Extremities of the Axis, and the 
Point of Contact; thofe Four Perpendiculars will be 
Proportionals. 


That is, ag : de :: ch : bi. 



For, by prop. 8, tc : ac :: ac : dc, 

theref. by div. ta : ad :: tc : ac or cb, 

and by comp, ta : td :: tc : tb, 

and by fim. tri. ag : de : ch : bj. q^e.d. 


Corol. 


Hence ta, td, tc, tb 
and tg, te, th, ti 


are alfo proportionals. 


For thefe are as ag, de, ch, bi, by ftmilar triangles. 


PRO- 
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PROPOSITION X. 


_ i 

If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Conta&; thefe two Lines will 
make equal Angles with the Tangent. 

That is, the L fet = fie. 



For draw the ordinate de, and fe parallel to fe. 

By cor. i. prop. 5, ca : cd :: cf : ca -+- fe, 

and by prop. 8, ca : cd :: ct : ca ; 

therefore ct : cf :: ca : ca -+- fe; 

and by add. and fub. tf ; Tf :: fe : 2 CA fe or fE by prop. 6. 

But by fim. tri. tf : Tf :: fe : fe ; 

therefore fE = fe, and confeq. Z_ e = Z_fEe. 

But, becaufe fe is parallel tofe, the Z.e = Z. fet ; 

therefore the L . fet = Z_fEe. q.e.d. 


Corol. As opticians find that the angle of incidence 
is equal to the angle of reflexion, it appears from our 
4 propofition, that rays of light ifiuing from the one 
focus, and meeting the curve in every point, will be re¬ 
flected into lines drawn from the other focus. So the 
ray f e is refle&ed into fe. And this is the reafon why 
the points f, f are called foci, or burning. points. 

F PRO* 
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CONIC SECTIONS. 


PROPOSITION XI. 


If a Line be drawn from either Focus, Perpendicular to 
a Tangent to any Point of the Curve ; the Diftance of 
their Interfe&ion from the Center will be equal to the 
Semi-tranfverfc Axis. 


That is, if fp, fp be perpendicular to the Tangent 
TPp, then fhall ’cp and cp be each equal to ca or 

CB. 



for, through the point of contact e draw fe and 
Te meeting fp produced in g. Then, the L. cep = L. fep, 
being each equal to the Z_fEp, and the angles at p being 
right, and the fide pe being common, the two triangles 
gep, fep are equal in all refpe<$ts, and fo ge = fe, and 
gp = fp. Therefore, fince fp = fg, and fc = ~Ff,' 
and the angle at f common, the fide, cp will be 
= |-fG or £ab, that is cp = ca or cb. 

And in the fame manner cp = ca or cb. 


4 


COROL. 
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Corol. i., A circle defcribed on the tranfverfe axis, 
as a diameter, will pafs through t|ge points p, p; becaufe 
all the lines ca, cp, cp, cb, being equal, will be radii 
of the circle. 

* 

Corol. 2. cp is parallel to fE, and cp parallel to 
FE. 

► 

Corol. 3. If at the interfe&ions of any tangent, with 
the circumfcribed circle, perpendiculars to the tangent be 
drawn, they will meet the tranfverfe axis in the two foci. 
That is, the perpendiculars pf, pf give the foci f, f. 


F 2 
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COtUC SECTIONS. 


PROPOSITION XII. 

The equal Ordinates, or the Ordinates at equal Diftances 
from the Center, on the oppofite Sides and Ends of an 
Ellipfe, have their Extremities connected by one Right 
Line palling through the Center, and that Line is 
bife£ted by the Center. 

That is, if cd = cg, or the ordinate de as gh ; 
then fhall ce = ch, and ech will be a right line. 



For, when cd = Cg, then alfo is de = gh by cor. 2. prop. i. 

But the Z_d = Z.G, being both right angles ; 

\ 

therefore the third ftde ce = ch, and the L. dce = L. GCH, 
and cojjfequently ech is a right line. 


Corol. i. And, converfely, if ech be a right line 
pafiing th-ough the center ; then fhall it be bife&ed by the 
center, or have ce = ch 3 alfo de will be = gh, and 

cp as CG. 


CoROE. 
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Corol. 2. • Hence alio, if two tangents be drawn to 
the two ends e, h of any diameter&RH ; they will be pa¬ 
rallel to each other, and will cut the axis at equal angles, 
and at equal diftances from the center. For, the two 

cd, ca being equal to the two cg, cb, the third pro 
portionals ct, cs will be equal alfo ; then the two fides 

ce, ct being equal to the two ch, cs, and the included 
angle ect equal to the included angle hcs, all the other 
cprrefponding parts are equal: and fo the £. T as L. 3 , 
and te parallel to hs. 

Conor,. 3. And hence the four tangents, at the four 
extremities of any two conjugate diameters, form a pa¬ 
rallelogram circumfcribing the ellipfe, and the pairs of 
oppofite Tides are each equal to the correfponding parallel 
conjugate diameters. 


For, if the diameter eh be drawn parallel to the tangent 
te or hs, it will be the conjugate to eh by the de¬ 
finition ; and the tangents to eh will be parallel to each 
other, and to the diameter eh for the fame reafon. 


F 


3 
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CONIC ' SECTIONS. 


PROPOSITION XIII. 

If two Ordinates ed, ed be drawn* from the Extremities 
E, e, of two Conjugate Diameters, and Tangents be 
drawn to the fame Extremities, and meeting the 
Axis produced in t and r j ■ 

Then lhall cd be a mean Proportional between cd, dR, 
and cd a mean Proportional between CD, dt. 



For, by prop. 8, cd : ca :: ca : ct, 
and by the fame cd : ca :: ca : cr ; 
theref. by equality cd : cd :: cr ; ct. 

But by ftm. tri. dt : cd :: ct : cr 5 
theref. by equality cd : cd cd : dt. 

In like manner cd : cd :: cd : dR. qjj.d. 

\ Corol. i. Hence cd : cd :: cr : ct. 

Corol. 2. Hence alfo cd : cd :: de : de. 

And the reft. cd.de = cd«de, or A cde = A cde. 

Coroe. 3. Alfo cd* == cd*dt, 
and cd 4 ss cd*dR. 

Or cd a mean propottional between cd, dtj 

and cd a mean proportional between cd, dR, 


PRO- 
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PROPOSITION XIV 


The fame Figure being conftru&ed as in the laft Propo¬ 
rtion, each Ordinate will divide the Axis, and the 
Semi-axis added to the external Part, in the fame 
Ratio. 

That is, da : dt :: dc : db, 
and dA : dR :: dc : dB. 

[ See the laft fig. J 

For, by prop. 8 , cd : ca :: ca : ct, 

* and by div. cd : ca :: ad : at, 

and by comp. cd : db :: ad : dt, 

or da : dt :: dc : db. 

In like manner dA : dR :: dc : da. qjb.d. 

Corol. i. Hence, and from cor. 3 to the laft prop, 
we have 

cd* =s CD.DT = AD• DB = CD* — CA*, 

CD* =? cd.dR = Ad-dB = CA* — cd*. 

Corol. 2. Hence alfo ca* = cd* — cd*, 

and ca* = de* — DR*. 

Corol* 3, Farther,becaufe ca* : ca* :: ad*db or cd* : DE*> 
therefore ca : ca :: cd : de. 

iikewife ca : ca :; cd ; de. 

F ♦ 
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CONIC SECTIONS. 


PROPOSITION XV, 


If from any Point in the Curve there be drawn an 
Ordinate, and a Perpendicular to the Curve, or to 
the Tangent at that Point j 

The Diftance on the Tranfverfe, between the Center 
and Ordinate, cd : 

Will be to the Diftance pd :: 

As the Square of the Tranfverfe Axis: 

To the Square of the Conjugate. 

That is, CA a : ca*:: dc : dp. 



!For, by prop, a, ca 1 : ca* :: ad«db : de% 

But, byrt. angled As, the re&. td*dp = de*j 
and, by cor. I prop. 14, cd*dt = ad*db; 

therefore * ca 4 : ca a :: td»dc : td»dp, 
or CA*:ca*:: DC : dp. <*.e.d* 


PRO- 
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PROPOSITION XVI. 


All the Parallelograms infcribed between the four Con¬ 
jugate Hyperbolas are equal to one another, and each 
equal to the Re&angle of the two Axes. 


That is, the Parallelogram pqrs = the re<5langle AB*ab. 



Let eg, eg be two conjugate diameters parallel to the 
fides of the parallelogram, and dividing it into four letter 
and equal parallelograms. Alfo draw the ordinates de, 
and ck perpendicular to pq. 


The* 
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H 



Then, by prop. 8, ct . ca ca : cd ; 
and, by cor. 3 prop. 14, ca : de :• ca : CD} 

theref. by equality, ct ca , ca : de. 

And by lim. tn. ct . ck .. ce . de, 

theref. by equality ck : ca ca . ce, 

and the reft. CK»ce = refit. CA»ca. 

But the reft. cK»ce = the parallelogram CEqe ; 

theref. the reft. CA*ca = the parallelogram ceqb ; 

and, by doubling, the reft. AB«ab =. the paral. pqrs. q^e.d, 

Corol. 1. The rcftangles of every pair of conjugate 
diameters, are to one another reciprocally as the fines of 
their included angles. For the areas of their parallelo¬ 
grams, which are all equal among themfelves, are equal 
to the reftangles of the fides, or conjugate diameters, 
multiplied by the fines of their contained angles, the radius 
being i. That is, the reftangle of every two conjugate 
diameters, drawn into the fine of their contained angle, 
is equal to the fame conftant quantity. And therefoie the 
reftangle of the diameters is inverfejy as the fine of their 
contained angle. 


FRO- 
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PROPOSITION XVII. 


The Difference of the Squares of every Pair of Con¬ 
jugate Diameters, is equal to the fame conftant 
Quantity, namely the Difference of the Squares of the 

turn Axes. 


That is, ab* — ab* = eg* — eg*, where eg, eg are 
any conjugate diameters. 



For draw the ordinates ed, ed. 

Then, by cor. 8 prop. 9, ca* = CD* — cd*, 
and ca* = de* — de*} 

theref. the difference ca* — ca* cd* de* — cd* — de*. 
But, by rt. Z.ed As, ce* — cd* -h de*, 

and^ ce* = cd* *+- de*j 

therefore CE* — ce* = cd* ■+* de* — cd* — de* 

confequently ca* — ca* = ce* — ce* j 

Or, by doubling, ab* — ab* =s eg* — eg*. <*.e.d. 


pro 



PROPOSITION XVIII. 


If there be Two Tangents drawn, the One to the Ex¬ 
tremity of the Tranfverfe, and the other to the Extre¬ 
mity of any other Diameter, each meeting the other’s 
Diameter produced ; the two Tangential Triangles fo 
formed, will be equal. 


That is, the triangle cet = the triangle can 



i . i> 


/ 

/ ' 


For, draw the ordinate de. Then 
By fun. tnangles cd : ca :. ce : cn ; 
but, by prop. 8, cd : ca ■ . ca : ct ; 
theref* by equal, ca * ct .: ce : cn. 

The two triangles cet, dan have then the angle < 
common, and the Tides about that angle reciprocally pro 
portional i therefore thole triangles are equal. 

Namely the £ cet = a can. 

6 * 


E • D 
COROL 



or THE HYPER BOL A* 


77 


Corol. i. Take each of the equal tri. cet, can, 
from the common fpace cape, 
and there remains the external A pat = A pne. 

Corol. 2. Alfo take the equal triangles cet, can, 
from the common triangle / - ced, 
and there remains the A ted = trapez. aned. 


PRO- 
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CONIC SECT LONS. 


PROPOSITION xnr. 


The fame being fuppofed as in the laft Proportion; 
then any Lines kq^, gq^, drawn parallel to the two 
Tangents, fhall alfo cut off equal Spaces. 


That is, the Triangle kqg — Trapez. anhg. 
and the Triangle Kqg = Trapez. ANhg. 



For draw the ordinate de. Then 
The three fim. triangles can, cde, cgh, 
are to each other as ca*, cd*, cg* ; 
theref. by div. the tiap. aned ; trap, anhg cd* — ca 2 : cg — ca*. 
But, by prop. 1, de* : gc£ :: cd* — ca 2 : cg 2 — ca 2 . 

theref. by equ. trap, aned : trap, anhg :: de* : gq^. 

But, bf fun. As, tri. TED : tri. kq^ :: DE* : gq^ ; 
theref. by equal. aned : ted :: anhg : kqg. 

But, by cor. 2 prop. 18, the trap. aned = A ted; 

and therefore the trap, anhg = A kqg. 

In like manner the trap. ANhg 5= A Kqg. q.e.d. 

Coroe. i. The three fpaces anhg, tehg, kqg are all equal. 

Coroe. 
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Corol. *. From the equals anhg, kqg, 

„ -take the equals ANhg, Kqg, 

and there remains ghHG = gqqc. 


Corol. 3. And from the equals ghHG, gqQG, 
take the common fpace gqLHG, 
and there remains the Alqh = ALqh. 

* 

Corol. 4. Again from the equals kqg, tehg, 
take the common fpace klhg, 
and there remains telk = Alqh. 



Corol. 5. And when, by the lines kq^, gh, moving 
with a parallel motion, kq^ comes into the poOtion ir, 
where cr is the conjugate to ca ; then 

the triangle kqg becomes the triangle irc, 
and the fpace anhg becomes the triangle anc ; 
and therefore the A irc = a anc = a tec. 

Corol. 6. Alfo when the lines KQjind hq^, by moving 
with a parallel motion, come into the portion ce, Me, 
the triangle lqh becomes the triangle ceM, 
and the fpace telk becomes the triangle tec ; 
and thcref. the AceM = a tec s=s a anc « A irc, 


pro- 



CONIC SECTION 




PROPOSITION XX. 

Any Diameter bifefts all its Double Ordinates, or the 
Lines drawn Parallel to the Tangent at its Vertex, or 
to its Conjugate Diameter. 

That is, if qg be parallel to the Tangent te, or to ce, 
then fhall l<^= Lq. 



For draw qh, qh perpendicular to the tranfverfe. 
Then by cor* 3 prop. 19, the A LqH = A Lqh j 
but thefe triangles are alfo equiangular j 
confequently their like fides are equal, 
and therefore Lq^= Lq. q.e.d. 


Corol. 
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Corol. i. * Any diameter divides the ellipfe into two 
equal parts. * 

t 

For, the ordinates on each fide being equal to each 
other, and equal in number 5 all the ordinates, or the area, 
on one fide of the diameter, is equal to all the ordinates, 
or the area, on the other fide of it. 

Corol. 2. In like manner, if the ordinate be pro¬ 
duced to the conjugate hyperbolas at q^, q', it may be 
proved that Lq^ = Lq'. Or if the tangent te be pro¬ 
duced, then ev = ew. And the diameter gceh bifedls 
all lines drawn parallel to te or qq, and limited either 
by one hyperbola, or by its two conjugate hyperbolas. 


o 


Fit Op 



t 


conic fetcfrowfl 


PROPOSITION XXI. 

As the Square of any Diameter : 

Is to the Square of its Conjugate:: 

So is the Redangle of any two Abfcifies: 
To the Square of their Ordinate. 

That is ce* : ce* :: el»lg or cl 1 — ce* : lq 1 


s 



For draw the tangent te, and produce the ordinate 
ql to the tranfverfe at K. AJfo draw qh, eM perpen¬ 
dicular to the tranfverfe, and meeting eg in h and m. 

Then fimilar triangles being as the fquares of their like 
fidcs, we fljall have, 

byfim. triangles, acet : Aclk :: ce* : cl*; 
or, by divifion, Acet : trap, telk :: ce*: cl* — ce** 
Again, byfim. tri. AceM : f>■ lqh :: ce* : lq^. 
Btitjbyccr. 5 prop, 19, the AceM = Acet, 
and, by cor. 4 prbp. 19, the Alqh pa trap, telk ; 

\ theref. by equality, ce* : ce* :: cl* — ce* ; lq^j 
^ oir ce* : ce* :: el-lg : lqJ. q.e.d. 
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Corol. x. The fquares of the ordinates to any 
diameter, are* to one another as the rectangles of their 
refpeCtive abfcifles, or as the difference of the fquares of 
the femi-diameter and of the diftance between the ordi¬ 
nate and center* For they are all in the fame ratio of 
ce* to ce*. 

Coroe. a. The above being the fame property as 
that belonging to the two axes, all the other properties 
before laid down, for the axes, may be underftood of any 
two conjugate diameters whatever, ufing only the oblique 
ordinates of thefe diameters jnllead of the perpendicular 
ordinates of the axes i namely, all the properties in pro- 
pofitions 7, 8, 9, 12, 13, 14, 18 and 19. 

Corol. 3. Likewife, when the ordinates are con- 

« 

tinued to the conjugate hyperbolas at q', the fame pro¬ 
perties ftill obtain, lubftituting only the fum for the dif¬ 
ference of the fquares of ce and cl. 

That is, ce* : ce* cl* ■+« ce* : c<^\ 

And fo lq£ : l<£* :: cl* — ce* : cl* *+• ce*. 

Corol. 4. When, by the motion of lq^ parallel to 
itfelf, that line coincides with ev, the laft corollary be- 


comes 

ce* : ce* :: 

2 CE* : 

EV*, 

or 

ce* : ev* :: 

1 : 

2 y 

or 

ce : ev :: 

x : 

^2, 

or as the fide of a fquare to its diagonal. 


' That is, in all conjugate hyperbolas 5 and all their 
diameters, any diameter is to its parallel tangent, in the 
conftant ratio of the fide of a fquare to ha diagonal. 

G 3 
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84 


CONIC SECTION 5 * 


PROPOSITION XXII. 

If any Two Lines, that any where interfe£t each other, 
meet the Curve each in Two Points ; then 
The Re&angle of the Segments of the one : 

Is to the Re&angle of the Segments of the other:: 

As the Square of the Diam. Parallel to the former: 

To the Square of the Diam. Parallel to the latter. 

That is, if cr and cr be Parallel to any two Lines PHQ^ pHq ; 
then ihall cR* : cr* :: ph»hqj pH*Hq. 



For draw the diameter cHe, and the tangent te and 
its parallels pk, ri, mh, meeting the conjugate of the 
diameter cr in the points t, k, i, m. Then, becaufe 
fimilar triangles are as the fquares of their like Tides, we 

f»y fim. triangles, cr* : gp* :: Acri : AGPk, 
and cr* : gh* :: acri : AGHMj 

theref. by divifion, cr* . gp * — gh* :: cri : kphm. 
Again, by fim. tri. ce* : ch* :: acte : Acmh ; 
and by divifion, ce* : ch* — ce* :: Acte : tehm. 

But > 
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But, by cor. 5 prop. 19, the acte = acir, r 
and by cor. i prop. 19, tehg = kphg, or tehm = jcphm ; 
theref. by equ. ce* : ch* — ce* :: cr* : gp* — gh* or PH*Hq. 
In like manner ce* : ch 4 — ce 4 :: cr* : pH»Hq. 

Theref. by equal cr* : cr 4 :: ph^hq^ : pH*Hq. Q.E.D. 

Corol. 1. In like manner, if any other line p'H'q', 
parallel to cr or to pq, meet phqj fince the rectangles 
PH / Q J p'H'q' are alfo in the fame ratio of cr* to cr*; 
theref. the re£t. phqj pHq :: ph'c^ : p'H'q'. 

Alfo, if another line p'hq^ be drawn parallel to P(^ 
or cr; becaufe the reCtangles p^q^, p / hq / are ftill in the 
fame ratio, therefore, in general, 

the reCtangle phqj pHq :: p'hc^: p'hq'. 

That is, the reCtangles of the parts of two parallel 
lines, are to one another, as the reCtangles of the parts 
of two other parallel lines, any where interfering the 
former, 

1 

Corol. 2. And when any of the lines only touch the 
curve, inftead of cutting it, the reCtangles of fuch become 
Iquares, and the general property ftill attends them. 



That is, cr* : cr* :: te® : Te 4 , 
or cr ; cr :: te : Te. 
and cr : cr :: tE : te. 

Corql. 3. And hence te : Te :: ts ; te. 

G3 


PRO- 





U 


PROPOSITION XXIII, 

If a Line be drawn through any Point of the Curves, 
Parallel to either of the Axes, and terminated at the 
Afymptotes; the Rectangle of its Segments, meafured 
from that Point, will be equal to the Square of the 
Semi-axis to which it is parallel. 


That is, the Reft, hek or Hex = ca*, 
and the Reft. h£k or hek = ca*. 



For draw ae parallel to ca, and aL to ca. Then 
by the parallels, ca* : ca* or al* :: CD* : dh* ; 
and, by prop. 2, c a* : ca* : : cd* — c a* : de* 5 
theref. by fubtr. ca* : ca* :: ca* : dh* — de* or hek# 
But the antecedents ca*, ca* are equal, 
theref. the confequents ca*, hek muft alfo be equal. 


4 - 


In 
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In like manner we have, again 
by the parallels, ca* : ca* or a l* :: cd* : dh* ; 
and, by prop. 3, ca* : ca*:: CD* ■+■ ca* : De a ; 
theref, by fubtr. ca* : ca* :: ca* : De* — dh* or HeK. 
But the antecedents ca*, ca* are the fame, 
theref. the confequents ca*, HeK muft be equal. 

In like manner, by changing the axes, is hEk or hek = ca*. Q.6.D. 

Corol. i. Becaufe the reft, hek = the reft. HeK. 
therefore eh : eH :: eK : ek. 

And confequently he is always greater than He. 

Corol. 2. The reftangle hEK = the reft. HEk. 

For, by iim. tri. Eh : eh :: Ek : EK. 

SCHOLIUM. 

It is evident that this proportion is general for any 
line oblique to the axis alfo, namely, that the reftangle of 
the fegments of any line, cut by the curve, and termi¬ 
nated by the afymptotes, is equal to the fquare of the 
femi-diameter to which ’ the line is parallel. Since the 
demonftration is drawn from properties that are common 
to all diameters. 
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CONIC SECTIONS. 


PROPOSITION XXIV. 

All the ReCtangles are equal which are made of the 
Segments of any Parallel Lines cut by the Curve, and 
limited by the Afymptotes. 


That is, the ReCt. hek = ReCt. Hex. 
and the ReCt. hEk = hek. 


r 



For each of the rectangles hek or Hex is equal to 
the fquare of the parallel femi-diameter cs ; and each of 
the reCtangles hEk or hek is equal to the fquare of the 
parallel femi-diameter ci. And therefore the reCtangles of 
the fegments of all parallel lines are equal to one another. 

Q.E.D. 

COROL. 
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Corol. i. JThe re^angle hek being conftantly the 
fame, whether the point E is taken on the one fide or the 
other of the point of contad 1 of the tangent parallel to 
hk, it follows that the parts he, ke, of any line hr, 
are equal. 

And becaufe the redangle hck is conftant, whether the 
point e is taken in the one or the other of the oppofite hy¬ 
perbolas, it follows that the parts He, Ke are alfo equal. 


Corol. 2. And when hk comes into the pofition of 
the tangent dil, the Iaft corollary becomes il = id, and 
im = in, and lm = DN. 


Hence alfo the diameter cir bifeels all the parallels to 
dl which are terminated by the afymptote, namely 
rh = RK. 

Corol. 3. From the proposition, and the laft corollary, 
it follows that the conftant redangle hek or ehe is = il*. 
And the equal conftantred. HeKoreHe = MLNor im* — il*. 


Corol. 4. And hence il = the parallel femi-diameter cs. 

For the red. ehe = il*, 
and the equal red. eHe = im* — il*, 
theref. il* = im* — il*, or im* = 21L* 5 
but, by cor. 4 prop. 21, im* = 2CS*, 

and therefore il = cs. 

And fo the afymptotes pafles through the oppofite angles 
of all the inferibed parallelograms. 


PRO* 
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PROPOSITION XXV. 


The Redangle of any two Lines drawn from any Point 
in the Curve, Parallel to two given Lines and 
Limited by the Afymptotes, is a Conftant Quantity. 

That is, if ap, eg, di be Parallels, 
as alfo AQj ek, dm Parallels, 
then fh.aH the red. paq^= red. gek = refit idm. 



For, produce ke, MD to the other afymptote at h, l. 
Then, by the parallels, he : ge :: ld : id ; 

but, ek : ek :: dm : dm; 

theref. the redangle hek : gek :: ism : idm. 

But, by the laft prop, the red. hek = edm ; 

♦ 

and therefore the red. gek as idm » pac^ QJ5.D 


PRO- 



OP TUB HYPERBOLA. 


9 * 


PROPOSITI#!! jCXVI. 


All the Parallelograms are equal which are formed be¬ 
tween the Afymptotes and Curve, by Lines Parallel to 
the Afymptotes. 


That is, the paral, cgek = cpaq. 



For, by prop. 25, the re&. gek or cos = re£h PAQ^or cpa. 

But the parallelograms cgek, cpaq^ being equiangular, 
are as die rectangles cge, cpa. 

• And therefore the parallelogram gk = pq. 

That is, all the infcribed parallelograms are equal to one 
another. q.&.o« 


Corol, 
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CONIC SECTIONS. 


Corol. i. Becaufe the re&angle gek or cge is 
confhmt, therefore ge is reciprocally as cg, or 
CG : cp :: pa : ge. And hence the afymptote conti¬ 
nually approaches towardsthe curve, but never meets it: 
for ge decreafcfe continually as CG increafes ; and it is 
always of fame magnitude, except when cg is fuppofed to 
be infinitely great, for then ge is infinitely fmall, or no¬ 
thing. So that the afymptote CG may be confidered as 
a tangent to the curve at a point infinitely diftant 
from c. 



Corol. 2 . If the abfeiffes cd, ce, cg, &c, taken on 
the one afymptote, be in geometrical progreffion in- 
creafing ; then fhall the ordinates dh, ex, gk, &c, pa¬ 
rallel to the other afymptote, be a decreafing geometri¬ 
cal progreffion, having the fame ratio. For, all the 
rectangles CDH, cei, cgk, &c, being equal, the ordi¬ 
nates dh, ei, GK, &c, are reciprocally as the ab- 
fcifles cx>, cf, cg, &c, which arc geometricals. And 
the reciprocals of geometricals are alfo geometricals, and 
In the fame ratio. 

Corol. 3. But if the abfeifles cd, ce, cg, &c, be 
arithmericals, or in arithmetical progreffion, then ftiali 
the ordinates dh, ei, gk, &c, be harmonicals, or in 
harmonical progreffion. For the reciprocals of arith- 
meticals, are harmonicals# 


PRO- 
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PROPOSITION XXVII. 

- R 


Every Infcribed Triangle, formed by Any Tangent and the 
two Intercepted Parts of the Afymptotes, is equal to 
a Conftant Quantity; namely Double the Infcribed 
Parallelogram. 


That is, the triangle cts = 2 paral. gk. 



For, fince the tangent ts is bifedted by the point of 
contadl e, and ek is parallel to tc, and ge to ck ; 
therefore ck, ks, ge are all equal, as are alfo cg, ct, ke. 
Confequently the triangle gte = the triangle res, and 
each equal to half the conftant infcribed parallelogram 
gk. And therefore the whole triangle cts, which is 
compofed of the two fmaller triangles and the parallelo¬ 
gram, is equal to double the conftant infcribed parallelo¬ 
gram CK. <^E.D. 


PRO* 
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CONIC SECTIONS* 


PROPOSITION XXVIII. 


The three following Spaces, between the Afymptotes 
and the Curve, are equal; namely, the Sector or 
TriJinear Space contained by an Arc of the Curve 
and two Radii, or Lines drawn from its Extremities 
to the Center, and each of the two Quadrilaterals, 
contained by the faid Arc, and two Lines drawn 
from its Extremities parallel to one Afymptote, and 
the intercepted Part of the other Alymptote. 

That is the fe&or cae — paeg = qaek, 
all Handing upon the fame arc ae. 



For, by prop. 26, cpaq^ cgek $ 

fubtradl the common fpace cgiq^, 

fo fliall the paral. pi — the par. 11c ; 

to each add the trilineal iae, 

then is the quadr. paeg = qaek. 

Again, from the quadrilateral cask 

take the equal triangles caq^, cek, 

and there remains the fe£tor cae = Qaek. 

Therefore cae = q,aek = paeg. 

* 


fro- 



OF THS HYPUB01A, 


95 


PROPOSITION XXIX , 


If from the Point of Contact of any Tangent, and the 
two Interfeftions of the Curve with a Line parallel 
to the Tangent, three parallel Lines be drawn in any 
Direction, and terminated by either Afymptote ; thofe 
three Lines lhall be in continued Proportion. 


That is, if hkm and the tangent il be parallel, 
then are the parallels dh, bi, gk in continued proportion* 



For, by" the parallels, ei : il :: DH : hm ; 

and, by the fame, Ei ; il :: gk : km ; 

theref. by compof. ei* : il* :: dh«gk : hmk ; 

but, by prop. 24, the reft, hmk = il* ; 
and theref. the reft. dh«gk = fii*, 

dh : si ei : gk. q.e.d. 

PR#* 
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CONIC SECTIONS. 


PROPOSITION XXX. 

* 

Draw the femi-diameters ch, cin, ck ; 
Then (hall the fe&or chi = the fe&or cik. 



For, becaufe hk and all its parallels are bife&cd 
by cin, therefore the triangle cnh = tri. cnk, 
and the fegment inh = feg. ink £ 
confequently the fe&or cih = fee. cik. 


Corol. 2. If the geometricals dh, ei, gk be parallel 
to the other afymptote, the fpaces dhie, eikg will be 
equal j for they are equal to the equal fe£tors chi, 
CIK. 


So that by taking any geometricals CD, CE, cg, &c, 
and drawing dh, ei, gk, &c, parallel to the other afymp¬ 
tote, as alfo the radii ch, ci, ck. 


then 
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then the fe&ors chi, cik, &c, 
or the fpaces dhie, eikg, &c, 
will be all equal among themfekes. 

Or the fe&ors chi, chk, &c, 
or the fpaces dhie, dhkg, &c, 
will be in arithmetical progreffion. 

And therefore thefe fe&ors, or fpaces, will be analogous 
to the logarithms of the lines or bafes cd, ce, cg, &c ; 
namely chi or dhie the log. of the ratio of 

cd to ce, or of ce to cg, &c ; or of Ei to dh, or of gk to El, &c} 
and chk or dhkg the log. of the ratio of 
CD to CG, &C, or of GK to DH, &C. 


H 


OF 



OF THE PARABOLA. 


PROPOSITION I. 

The Abfcifles are Proportional to the Squares of their 

Ordinates, 

Let avm be a fe&ion through 
the axis of the cone, and agih 
a parabolic fe&ion by a plane 
perpendicular to the former, 
and parallel to the fide vn of 
the cone ; alfo let afh be the 
common interfe&ion of the 
two planes, or the axis of the 
parabola, and fg, hi ordi¬ 
nates perpendicular to it. 

Then I fay that af ; ah :: fg 7 : hi*. 

For, through’ the ordinates fg, hi draw the circular 
fe£Hons kgl, min parallel to the bafe of the cone, having 
K.L, mn for their diameters, to which fg, hi are ordi¬ 
nates, as well as to the axis of the parabola. 

Then by fimilar triangles af : ah :: fl : hn ; 

but, becaufe of the parallels, kf = mh ; 

therefore af : ah : mh •hn. 

But, by the circle, rf*fl = fg\ and mh*hn = hi*; 

Therefore af : ah :: fg* : Hi*. q.e.d. 


V 
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Corol. i. Hence the third proportional ££_ or HI 
• ae ah 

is a conftant quantity, and is equal to the parameter of 

the axis by cor. 5 prop. 1 of the ellipfe. 

Or ae : eg :: eg : p the parameter. 

Or the re&angle p*ae = eg* 

Corol. 2. Hence alfo as the property is the fame for 
the ordinates on both fides of the diameter, it follows 
that the ordinates dh, hi, on both fides of the axis are 
equal, or that the double ordinates are bife£ted by the 
axis; and that the whole figure, made up of all the double 
ordinates, is alfo bife&ed by the axis. 


H 2 
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PROPOSITION II. 

As the Parameter of the Axis : 

Is to the Sum of any Two Ordinates: 
So is the Difference of thofe Ordinates: 
To the Difference of their Abfciffes: 


That is, p : gh -4- de :: gh — DE : dg, 
Or, p : ki :: ih : ei. 



For, by cor. i prop, i, p»ag = gh% 
and p* ad = DE Z ; 

theref. by fubtrac. p*dg = gh* — DE a . 

But GH 1 — DE* = GH ■+■ DE-GH — DE = KI*IH, 
theref. the re&angle p*dg = ki»ih, 
or p : ki :: ih : dg or si. <^.E.D. 

Corol. Hence becaufe p.ei = ki»ih, 
and, by cor. i prop, i, p»ag = gh*, 
therefore ag : ei :: gh* : KI*IH. 

And fo any diameter ei is as the re&angle of the feg- 
ffients ki, ih of the double ordinate kh^ * 


FRO 



OF THE PASABOLA. 


IOI 


PROPOSITION III. 


The Diftance from the Vertex to the Focus is equal to 
| of the Parameter, or to Half the Ordinate at. the 
Focus. 


That is, af = f fe =£’ |p. 



For, the general property is af : fe :: fe : p. 

But, by the definition, fe = fp; 

therefore alfo af = £fe = ^p. Q.E.D. 


H 3 
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CONIC SECTIONS. 


PROPOSITION IV. 


A Line drawn from the Focus to any Point in the 
Curve, is equal to the Sum of the Focal Diftance 
and the Abfcifs of the Ordinate to that Point. 


That is, fe = fa ad =s gd, taking ag = af. 



ForfmceFD = ad^v af, 

theref. by fquaring, fd 8 = af 1 — 2 AF«ad -f- ad 8 , 

But, by cor. i prop. i,de 8 = p«ad = 4 af*ad} 

theref. by addition, fd 8 -+- de 8 = af 8 -+• 2 af*ad -h ad 8 , 
But, by rt. angled A s, fd 8 -t- de 8 = fe 8 ; 

therefore fe 8 = af 8 -+- 2 af.ad -+* ad 8 , • 

and the root or fide is fe = af ad, 

or fe = gd, by taking ag = af. q.e.d. 


Corol. 
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Corol. i. • The difference fe — fe is always equal 
to pd the difference of the abfcifles. 

Corol. 2. Hence alfo the curve is eafily defcribed 



by points. Namely, in the axis produced take ag = af 
the focal diftance, and draw a number of lines ee per¬ 
pendicular to the akis ad; then with the diftances 
gd, gd, gd, &c, as radii, and the centre f, draw arcs 
croffing the parallel ordinates in e, e, e. &c. Then 
draw the curve through all the points e, e, e. 


«4 


no. 



104 


CONIC SECTIONS. 


PROPOSITION V. 

If a Line be drawn from any Point in the Axis produced, 
to cut the Curve in two Points ; then fhall the ex¬ 
ternal Part of the Axis be a Mean Proportional between 
the two Abfcifles of the Ordinates to the two Points 
of Inter fe£tion. 

That is, ai a mean proportional between ad, ag, 
or, ad : ai :: Ai : ag. 



For, by prop, i, ad : ag :: de* : gh* ; 

and, by fim. tri. id* : ig* :: de* : gh* ; * 

theref. by equal, ad : ag :: id* : ig* ; 

and, bydivifion, ad : dg :: id* : ig* — id* or dg*id -4- ig 

or ad : id :: id : id ig ; 

and by divifion ad : ai :: id : ig *, 

and again by div. ad : At :: ai : ag. Q.E.D. 

Corol. 1.. * Hence we have ad : ai :: de : gh. 


Corol. 
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Corol. 2. If tiie line be fuppofed to revolve about 
the point 1; then as it recedes farther from the axis, the 
points e and H approach towards each other, the point e 
defcending, and the point h afcending, till at laft they 
meet in the point c when the line becomes a tangent to 
the curve at c. And then the points d and g meet in 
the point m, and the ordinates de, gh in the ordinate cm. 
Confequently ad, ag, becoming each equal to am, their 
mean proportional ai will be equal to the abfcifs am. 
That is, the external part of the axis, cut off by a tangent, 
is e$ual to the abfcifs of the ordinate to the point of con¬ 
tact, ^ 



Corol. 3. Hence the tangents to all parabolas, which 
have the fame abfcifles, meet the axis produced in the fame 
point. For if the abfcifs am be the fame in all, the ex¬ 
ternal axis a 1, which is equal to it, will be the fame alfo. 

Corol. 4. And hence alfo a tangent is eafily drawn 
to the curve. 


For if the point of conta& c be given; draw the ordi¬ 
nate cm, and produce ma till ai be = am; then join 
ic the tangent. 

Or if the point 1 be given; take am = ai, and draw 
the ordinate mc, which will give the point of contact c, 
to which draw ic the tangent. 


PRO* 
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PROPOSITION VI. 

If a Tangent to the Curve meet the Axis produced; 
then the Line drawn from the Focus to the Point of 
Contact, will be equal to the Diftance of the Focus 
from the Interfe&ion of the Tangent and Axis. 


That is, fc == ft. 



For draw the ordinate DC to the point of contact. 
Then, by cor. 1 prop. 5, at = ad 5 
therefore ft = af ad. 

But, by prop. 4, fc = af ad ; 

therefore by equality, fc == ft. qje.d. 

Corol. i. If co be drawn perpendicular to the curve, 
or to the tangent, at c ; then (hall fg = fc = ft. 

For draw FH perpendicular to tc, which will alfo 
bife& tc, becaufe ft = fc j and therefore, by the na¬ 
ture of the parallels, fh alfo bife&s tg in f. And con- 
jfequently fg = ft = fc. 

So that f is the center of a circle paf&ng through T, c, g. 
4 Corol. 
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Corol. 2. The fubnormal do is every where equal to 
the conftant quantity 2fa, or ft, or f p the femi-para- 
meter. 

For draw the tangent ah parallel to dc, making the 
triangle fha fimilar to gcd. 

Then dc = 2ah, becaufe dt = 2da : 
confequently dg = 2FA = | p. 

Corol. 3. The tangent at the vertex ah, is a mean 
proportional between af and ad. 

For becaufe fht is a right angle, 
therefore ah is a mean between af, at, 

or between af, ad, 

becaufe ad = at. 

Like wife fh is a mean between fa, ft, 

or between fa, fc. 

• 

Corol. 4. The tangent tc makes equal angles with 
fc and the axis ft, or with the line ick drawn parallel to 
the axis. 

For becaufe ft = fc, 

therefore the L fct — L ftc = its altern. ict. 
Alfo the angle gcf = the angle gck. 

Corol. 5. And becaufe the angle of incidence gck 
is = the angle of refle&ion gcf j therefore a ray of 
light falling upon the curve in the direction kc, will be 
refle&ed to the focus f. That is, all rays parallel to the 
axis, are reflected to the focus, or burning point. 


p R 0r„ 
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PROPOSITION Vllr 

If an Ordinate be drawn to the Point of Conta& of any 
Tangent, and another Ordinate produced to cut the 
Tangent; It will be as the Difference of the Ordinates: 
Is to the Difference added to the external Part :: 

So is Double the firft Ordinate : 

To the Sum of the Ordinates. 

That is, kh : ki ki* : kg. 


T 



For, by cor. i prop, i, p : dc :: dc : da, 

and p : 2dc :: DC : dt or 2DA. 

But, by fim. triangles, ki : kc :: dc : dt; 

therefore by equality, p ; 2dc :: ki : kc, 
or, p : ki :: kl : KC. 

Again, by prop, 2, p : kh :: kg: kc; 

therefore by equality, kh : ki :: kl : kg. q^e.d, 
Corol. 1. Hence, by compofition and divifion, 
we have kh : ki :: gk : gi, 

and hi : HK :: hk : kl, 

alfo ih : ik :: ik : ig ; that is, 

IK is a mean proportional between ig and ih. 

Corol. 2. And from this laft: property we can eafily 
draw a tangent to the curve from any given point 1. 
Namely, draw ihg perpendicular to the axis, and take ik 
a mean proportional between ih, ig } then draw kc 
parallel to the axis, and c will be the point of contact, 
through which and the given point 1 the tangent ic is to 
be drawn. 


PRO* 
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PROPOSITION VIII. 


If there be any Tangent, and a Double Ordinate drawn 
from the Point of Contact, and alfo any Line parallel to 
the Axis, limited by the Tangent and Double Ordi¬ 
nate : then (hall the Curve divide that Line in the 
lame Ratio, as the Line divides the Double Ordinate. 


That is, ie : ek :: ck : kl. 



For, by fim. triangles, ck : ki :: cd : dt or 2 DA; 
but, by the def. the param. p : cl :: cd : 2da ; 

therefore by equality, p : ck : cl : ki. 

But, by prop. 2, p : ck :: kl : kb ; 

therefore by equality, cl : kl :: ki : ke ; 

And, by divifion, ck : kl ie : ek. q«E.D. 


P R«- 
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PROPOSITION IX. 


The fame being fuppofed as in Prop, vm : then fhall the 
External Part of the Line between the Curve and Tan¬ 
gent, be proportional to the Square of the intercepted 
Part of the Tangent, or to the Square of the inter¬ 
cepted Part of the Double Ordinate. 


That is, ie is as ci* or as ck*. 


and 

IE, 

TA, 

ON, 

PL, 

&C, 

are 

as ci% 

CT*, 

co% 

CP% 

&C, 

or ; 

as ck% 

CD% 

CM% 

CL% 

&C. 


i* - 



For, by prop. $, ie : ek :: ck : kl, 
or, by equality, ie : ek :: ck 1 : ck*KL. 

But, by cor. prop. 2 , ek is as the reft. ck»kl, 

and therefore ie is as ck% or as ci*. q.E.D. 


Corol. 
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Corol. I. As this property is common to every po- 
fitior diT the tangent, if the lines ie, ta, on, &c, be ap- 
pen led to the points i, t, o, &c, and movable about 
them, and of fuch lengths as that their extremities 
E, a, n, &c, be in the curve of a parabola in fome one 
pofition of the tangent; then making the tangent re¬ 
volve about the point c, the extremities e, a, n, &c, 
will always form the curve of fome parabola, in every 
pofition of the tangent. 

Corol. 2. The parameter of the axis is alfo a third 
proportional to ie and ck. 

For, by this prop, ek : kl :: ie : ck; 
and, by prop. 2, ek : kl :: ck: P ; 
therefore by equality, ie : ck :: ck : p. 


P R 9 
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PROPOSITION X. 


The Abfcifies of any Diameter, are as the Squares of 

their Ordinates. 


That is, cq^, cr, cs, &c, 
are as qe 1 , ra% sn 2 , &c. 

Or cqj cr :: qE* : ra% &c. 



For, draw the tangent ct, and the externals ei, at, 
no, &c, parallel to the axis, or to the diameter cs. 

Then, becaufe the ordinates qe, ra, sn, &c, are pa¬ 
rallel to the tangent ct, by the definition of them, there¬ 
fore all the figures iq^, tr, os, &c are parallelograms, 
whofe oppofite fides are equal, 

namely ie, ta, on, &c, 
are equal to cq, cr, cs, &c. 

Therefore by prop. 9, cq, cr, cs, &c, 

are as ci% ct*, co% &c, 

or as their equals qE*, ra 1 , sn% &c. q.E.Di 

Corol. Here, like as in prop. 2, the difference of the 
abfcifies; are as the difference of the fquares of their 
ordinates, or as the rectangles under the fum and dif¬ 
ference of the ordinates, the reCtangle under the fum and 
difference of the ordinates being equal to the reCtangle 
under the difference of the . abfcifies and the parameter of 
that diameter, or a third proportional to any abfcifs and 
its ordinate. 


PRO- 
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PROPOSITION XI. 

If a Li ne be drawn parallel to any Tangent, and cut the 
Curve in two joints; then if two Ordinates be drawn 
to the Imerfe&ious, and a third to the Point of Con¬ 
tact, thtfe three Ordinates will be in Arithmetical Pro- 
grefllon, or the Sum of the Extremes will be equal to 
Double the Mean. 


That is eg + HI = 2CD. 



For draw ek parallel to the axis, and produce HI to L» 
Then, by fim. triangles, ek : hk :: td or 2 ad : cd ; 

but, by prop. 2, ek i hk :: kl : p the param. 

theref. by equality, 2AD *. KL :: CD : P. 

But, by the defin. 2 ad : 2 CD :: cd : p ; 

theref. the 2d terms are equal, kl — 2cd, 

that is EG H~ HI = 2 CD. Q^E.D. 


1 


PRO# 
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PROPOSITION XII. 


Any Diameter bi{e£b all its Double Ordinates, or 
Lines parallel to the Tangent at its Vertex. 

That is, me = mh. 






. H 



For to the axis ai draw the ordinates eg, cd, hi, 
and MN parallel to them, which is equal to cd. 

Then, by prop, xi, 2MN or 2CD = eg ■+■ hi, 
therefore m is the middle of EH. 

And for the fame reafon all its parallels are bife&ed. q^e.d. 

scholium. 

Hence as the abfcifles of any diameter and their ordi¬ 
nates have the fame relations as thofe of the axis, namely, 
that the ordinates are bifeifted by the diameter, and their 
fquares proportional to the abfcifles ; fo all the other pro¬ 
perties of the axis and its ordinates and abfcifles, before 
demonftrated, will likewife hold good for any diameter 
and its ordinates and abfcifles. And alfo thofe of the 
parameters, underftanding the parameter of any diameter, 
as a third proportional to any abfeifs and its ordinate. 
Some of the moft material of which are demonftrated in 
the following propofitions. 


PRO- 
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PROPOSITION xnr. 

The Parameter of any Diameter is equal to four Times 
the Line drawn from the Focus to the Vertex of that 
Diameter. 

That is, 4FC = p the param. of the diam. cm. 



M N 


For draw the ordinate ma parallel to the tangent CT ; 
as alfo cd, mn perpendicular to the axis an, and fh 
perpendicular to the tangent ct. 

Then the abfeifles ad, cm or at being equal by 
cor. 2 to prop. 5, the parameters will be as the fquares 
of the ordinates cd, ma or ct, by the definition; 
that is, p : p :: cd 2 : ct 2 . 

But, by fim. tri. fh : ft :: cd : ct ; 

therefore p : p : : fh 2 : ft 2 . 

But, by cor. 3 prop. 6, fh 2 = fa* ft; 
therefore p : p :: fa-ft : ft 2 , 

or, by equal. p : p :: fa : ft or fc» 

But, by prop. 3, p = 4FA, 

• and therefore p = 4FT or 4FC. Q.E.D. 

Corol. Hence the parameter p of the diameter cm. 
is equal to 4FA ■+■ 4AD, or to p -t- 4AD, that is, the pa¬ 
rameter of the axis added to 4 ad. 

I 2 


PRO- 
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PROPOSITION XIV. 


If an Ordinate to any Diameter pafs through the Focus, 
it will be equal to Half its Parameter ; and its Abfcifs 
equal to One Fourth of the fame Parameter. 


That is, cm = |/>, and me = fp. 




For join fc, and draw the tangent ct. 


By the parallels, 
and, by prop. 6, 
alfo, by the laft prop, 
therefore 

Again, by the defin. 
and confequently 


CM = ft ; 

FC = FT i 
FC = Ip; 

CM = |p. 

cm or |p : me :: me : p, 
ME = fp J= 2CM. 


Corol. Hence, of any diameter, the double ordinate 
which pafleth through the focus, is equal to the parameter, 
or to quadruple its abfcifs. 


PRO* 
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PROPOSITION XV. 


If there be a Tangent, and any Line drawn from the 
Point of Contaft and meeting the Curve in fome 
other Point, as alfo another Line parallel to the Axis, 
and limited by the Firft Line and the Tangent: then 
fhall the Curve divide this Second Line in the fame 
Ration, as the Second Line divides the Firft Line. 


That is, ie : ek :: ck : kl. 


r 


or by fim. tri. IE 

Alfo, by fim. tri. IK 

or IK 

therefore by equality, ie 
or ie 

and, by divifion, ie 


the axis. 
ci 4 : cp% 
ck* : CL*. 
ck : CL, 

CK* : CK•CL 5 
CK * CL : CL*, 

IK CK : CL j 

EK CK : KL. Q.E.D. 


For draw lp parallel to ik or to 
Then, by prop. 9, ie pl 

pl 
pl 

PL 
IK 



I 3 
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PROPOSITION XVI. 

If a Tangent cut any Diameter produced, and if an 
Ordinate to that Diameter be drawn from the Point 
of Contact ; then the Diftance in the Diameter pro¬ 
duced, between the Vertex and the InterfeCtion of the 
Tangent, will be equal to the Abfcifs of that Ordi¬ 
nate. 


That is, ie = ek. 






\ 


For, by the laft prop, ie : ek :: ck : kl, 

But, by prop. 12, ck = kl, 

and therefore ie — ek. q.E.D. 

Corol. i. The two tangents ci, Li, at the extremi¬ 
ties of any double ordinate cl, meet in the fame point of 
the diameter of that double ordinate produced. And the 
diameter drawn through the interfeCtion of two tangents, 
bife&s the line connecting the points of contaCt. 

Corol. 2 . Hence we have another method of draw¬ 
ing a tangent from any given point i without the curve. 
Namely, from i draw the diameter ik, in which take 
EK = El, and through K draw cl parallel to the tangent 
at E ; £hen c and l are the points to which the tangents 
muft be drawn from i. 


PRO- 
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PROPOSITION XVII. 

If from any Point of the Curve there be drawn a Tan¬ 
gent, and alfo Two Right Lines to cut the Curve; 
and Diameters be drawn through the Points of In- 
terfedlion e and l, meeting thofe Two Right Lines 
in two other Points g and k : Then will the Line 
kg joining thefe laft Two Points be parallel to the 
Tangent. 


-- ! H 





For, by prop. 15, ck ;kl :: ei : ek ; 

and by comp. ck : cl :: ei : ki ;: gh : LH by parallels. 

But, by fim. tri. ck : cl :: ki : lh; 

theref. by equal, ki : lh :: gh : lh ; 

confequently ki = gh, 

and therefore kg is parallel and equal to ih. Q.E.D. 

OTHERWISE. 

By prop. 15, ei : ek :: ck : kl : : ce : eg by the 
parallels. So that the two triangles cei, keg have their 
angles at e equal, and the fides about thofe angles pro¬ 
portional ; they are therefore fimflar 5 confequently the 
angle at c is equal to the angle at g, and kg parallel to 

CH. QJS.D* 

Corol. 1. Hence we have ki = gh. 

Corol. 2. Alfo ki or gh is a mean proportional 
between ei and lh. 


For, by the parallels, ei : ki :: gh or ki ; LH. 

I 4 PRO- 
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PROPOSITION XVIII. 


If a Li e dnwn from the Vertex of any Diameter to 
c it t ie Curve in 'one other Point, anJ an Ordinate of 
that JDia neter be drawn to that r ‘oint, m alfo another 
Ordinate any where cutting the hnr, bo:h produced if 
neceiTary: The Three will be continual Proportionals, 
namely, the two Ordin tes and the Part of the Latter 
limited by the fuL Line drawn from the Vertex. 

That is, de, ch, ci arc continual Proportionals, 
Or de : gii :: gh : gi. 


M 


A 



For, by prop. 10, 

DE“ 

: gh 1 : 

: ad 

: ag ; 

and, by fun. tri. 

DE 

: gi : 

: ad 

: ag ; 

theref. by equality 

DE 

: gi : 

: de 4 

: gh 2 , 

that is, of the three de, 

GH, GI, Ift 

: 3d : 

: 1ft 4 

: 2d 4 i 

therefore 

3 ft 

: 2d : 

: 2d 

: 3 d > 

that is 

DE 

: gh : 

: gh : 

: gi. 


Corol. i. Or their equals gk, gh, gi are pro¬ 
portionals ; where ek is parallel to the diameter ad. 


Corol. 
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Corol. 2. Hence we have de : ag : : p : gi, where p is 
the parameter, or ag : gi :: de : p. 

For, by the defin. ag : gh :: gh : p. 

Corol. 3. Hence alfo the three mn, mi, mo are pro¬ 
portionals, where mo is parallel to the diameter, and 
am parallel to the ordinates. 

For, by prop. 10, mn, mi, mo, 

or their equals AP, AG, AD, 

are as the fquares of pn, gh, de, 

or of their equals Gi, gh, gk, 

which are proportionals by cor. j. 


PRO 
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PROPOSITION XIX. 


If a Diameter cut any Parallel Lines terminated by the 
Curve; the Segments of the Diameter will be as the 
Reftangle of the Segments of thofe Lines. 


That is, ek : em ck»kl : nm>mo. 
Or, ek is as the rectangle ck»kl. 



For draw the diameter ps tc which the parallels cl, 
no are ordinates, and the ordinate EQ^parallel to them. 

Then ck is the difference, and kl the fum of the 
ordinates eq^, cr ; alfo nm the difference, and mo the 
fum of the ordinates eq^, ns. And the differences of 
the abfciffes, are qr, qs, or ek, em. 

Then by cor. prop. 10, qr : qs :: ck*kl : nm*mo, 
that is ek : em :: ck»kl : nm»mo. 

Corol. i. The reft. ck*kl = reft, ek and the param. of ps. 

For the reft. ck»kl = reft, qr and the param. of ps. 


Corol. 
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PROPOSITION XXI. 

If there be Three Tangents interfering each other ; their 
Segments will be in the fame Proportion. 


That is, gi : ih :: cg : cd :: dh : he. 



For through the points g, i, d, h, draw the diameters 
gk, il, dm, hn ; as alfo the lines ci, El, which are double 
ordinates to the diameters gk, hn, by cor. 1 prop. 16 ; 
therefore the diameters gk, dm, hn, 
bifeft the lines cl, ce, le; 
hence km = cm — ck = f ce -- § cl = f le = ln or ne, 

and mn = me — ne = f ce — 4 le = 4 cl = ck or kl. 

But, by parallels, gi : ih :: kl : ln, 
and cg : gd :: ck : km, 

alfo DH : he :: mn : ne. 

But the 3d terms kl, ck, mn are all equal j 

as alfo the 4th terms ln, km, ne. 

Therefore the firft and fecond terms, in all the lines, are 
proportional, namely gi : ih ;; cg ; gd :; dh : he. q^e.d, 

prac- 





PRACTICAL EXERCISES 
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MENSURATION. 


Quest, i. W HAT difference is there between a floor 
28 feet long by 20 broad, and two others each of half the 
dimenfions; and what do all three come to at 45s per 
fquare, or 100 fquare feet ? 

Anf. dif. 280 fq. feet. Amount 18 guineas. 

Qu. 2. An elm plank is 14 feet 3 inches long, and I 
would have juft a fquare yard flit off it; at what diftance 
from the edge muft the line be ftruck ? Anf. 7^_ inches. 

* 

Qu. 3. A ceiling contains 114 yards 6 feet of plaftcr- 
ing, and the room 28 feet broad \ what was the length 
of it ? Anf. 367 feet. 

Qu. 4. A common joift is 7 inches deep, and 2? 
thick ; but I want a fcantling juft as big again, that ftiall 
be 3 inches thick; what will the other dimenfton be ? 

Anf. 1 i-j inches. 

Qu. 5. A wooden trough coft; me 3s 6d painting 
within, at 6d per yard ; the length of it was 1O2 inches, 
and the depth 21 inches ; what was the width ? 

Anf. 27^ inches. 

.Qu. 6. If 


4 



QUESTIONS IN MENSURATION. 


Qu. 6. If my court yard be 47 feet 9 inches fquare, 
and I have laid foot-path with Purbeck (lone, of 4 feet 
wide, along one fide of it; what will paving the reft with 
flints come to at 6d per fquare yard ? Anf. jT 5 16 o~. 

Qu. 7. A ladder, 40 feet long, may be fo planted, 
that it (hall reach a window 33 feet from the ground on one 
fide of the ftreet; and, by only turning it over, without 
moving the foot out of its place, it will do the fame by 
a window 21 feet high on the other fide: what is the 
breadth of the ftreet ? Anf. 56 feet 7 ?- inches. 

Qu. 8. The paving of a triangular court, at i8d per 
foot, came to 100J; the longeft of the three fides was 88 
feet; required the fum of the other two equal fides. 

Anf. 106*85 ^ eet * 

Qu. 9. There are two columns in the ruins of Perfe- 
polis left (landing upright; the one is 64 feet above the 
plain, and the other 50: in a ftraight line between thefe 
Hands an ancient final b ftatue, the head of which is 97 
feet from the fummit of the higher, and 86 feet from the 
top of the lower column, the bale of which meafures 
juft 76 feet to the center of the figure’s bafe. Required 
the diftance between the tops of the two columns. 

Anf. 157 feet nearly. 

Qu. 10. The perambulator, or furveying wheel, is fo 
contrived, as to turn juft twice in the length ofda pole, 
or 16 ~ feet; required the diameter. Anf. 2*6$S^jfeet. 

Qu. 11. In turning a one-horfe chaife within a ring 
of a certain diameter, it was obferved that the outer 
wheel made two turns while the inner made but one : 
the wheels were both 4 feet high; and, fuppofing them 
fixed at the ftatutable diftance of 5 feet afunder on the 

axletree, 
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axletree, what was the circumference of the track de¬ 
ferred by the outer wheel ? Anf. 63 feet nearly. 

Qy. 12. What is the fide of that equilateral triangle 
whofe area coft as much paving at 8d a foot, as the palli- 
fading the three Tides did at a guinea a yard ? 

- Anf. 72746 feet. 

Qu. 13. In the trapezium aecd are given ab = 13, 
bc = 31-?-, cd = 24, and da == 18, alfo b a right angle j 
required the area. Anf, 410*122. 

Qy. 14. A roof, which is 24 feet 8 inches by 14 feet 6 
Inches, is to be covered with lead at 81 b per fquare foot: 
what will it come to at 18s per cwt ? Anf. £ 22 19 io~. 

Qy. 15* Having a rectangular marble flab, 58 inches 
by 27, I would have a fquare foot cut off parallel to the 
Ihorter edge ; I would then have the like quantity divided 
from the remainder parallel to the longer fide ; and 
this alternately repeated, till there fhall not be the quan¬ 
tity of a foot left: what will be the dimenfions of the 
remaining piece ? Anf. 207 inches by 6*o86. 

Qy. 16. Given two lides of an obtufe-angled triangle, 
which are 20 and 40 poles ; required the third fide that 
the triangle may contain juft an acre of land.. 

Anf. 58*876 or 23*699. 

Qy. 17. The end wall of a houfe is 24 feet 6 inches 
in breadth, and 40 feet to the eaves; -‘-of which is 2 
bricks thick, more is brick thick, and the reft 1 
brick thick. Now the triangular gable rifes 38 courfes 
of bricks, 4 of which ufually make a foot in depth, and 
this is but 4I inches, or half a brick thick : what will 
this piece of work come to at 5I ios per ftatute rod ? 

Anf. £ 20 11 
Qy. 18. How 



MENSURATION* 


mg 

Qu. 18. How many bricks will it take to build a 
wall io feet higfh, and 500 feet long, and a brick and 
half thick, reckoning the brick 10 inches long, and 4 
courfes to the foot in height ? Anf. 36000. 


Qu. 19. How many bricks will build a fquare pyra- 
mid, of 100 feet on each fide at the bafe, and alfo 100 feet 
perpendicular height: the dimenfions of a brick being f^p# 
^pfed 10 inches long, 5 inches broad, and 3 inches thick. 

Anf. 3840000. 


Qy. 20. If from a right-angled triangle, whofe bafe 
is 12, and perpendicular 16 feet, a line be drawn parallel 
to the perpendicular cutting off a triangle whofe area is 
24 fquare feet j required the fides of this triangle. 

Anf. 6, 8, and 10. 

# 

Qy. 21. The ellipfe in Grofvenor-fquare meaftres 840 
links acrofs the longeft way, and 612 the (horteft, within 
the rails ; now the walls being 14 inches thick, what 
ground do they inclofe, and what do they ftand upon ? 

A C inclofe 4ac or 6p. 
n * £ ftand on 1760^ fq feet. 


Qu. 22. If a round 1 pillar, 7 inches over, have 4 feet 
of ftone in it; of what diameter is the column, of equal 
length, that contains 10 times as much ? 

Anf. 22*136 inches. 


Qy. 23. A circular fifh-poni is to be made in a gar¬ 
den, that {hall take up juft half an a cfe ; what muft be 
the length of the cord that ftrikcs thwcircle ? 

Anf. yards. 


Qy. 24. When a roof is of a true pitch, the rafters 
are of the breadth of the building: now fuppofing the 
eaves-boards to project 10 inches on a fide, what will the 

K new 
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new ripping a houfe coft, that meafures 32 feet 9 indies 
long, by 22 feet 9 inches broad on the' flat, at 15s per 
fquare ? Anf. £ 8 15 9 


Qu» 25. A cable which is 3 feet long, and 9 inches in 
compafs, weighs 22 lb; what will a fathom of that cable 
weigh, which meafures a foot about? Anf. 78*- lb. 


» 


Qy. 26. My plumber nas fhit 281b per fquare foo 
into a ciftern 74 inches and twice the thicknefs of ti 
lead long, 26 inches broad, and 40 deep; he has alfo put 
three ftays acrofs it within, 16 inches deep, of the fame 
ftrength, and reckons 22s per cwt, for tvork and materials. 
I, being a mafon, have paved him 9HMeo&ihop, 22 feet 10 
inctoes Jproad, with Purbeck ftone, at 7d per foot} and 
uponwte balance I find there is 3s 6d due to him; what 
was tmUcngth of the workfhop ? Anf. 32 f of inch. 


Qy. 27. The diftance of the centers of two circles, 
whofe diameters are each 50, being given equal to 30 ; 
what is the area of the fpace inclofed by their circumfer¬ 
ences ? Anf. 559*1 tg. 


Qy. 28. If 20 feet of iron railing weigh half a ton 
when the bars are an inch and quarter 'fquare, what will 
50 feet come to at 3' d per lb, the bars being but . 1 . of an 
inch fquare? Anf. ^20 o 2. 


Qy. 29. The area of an equilateral triangle, whofe 
bafe falls on the diameter, and its vertex in the middle of 
the arc of a femicircle, is equal to 100 : wha*t is the diame¬ 
ter of the femicircle? Anf. 26*32148. 

\ Qy* 30. It is required to find the thicknefs of the lead 
in a pipe of an inch and quarter bote, which weighs^ lb 
per yard in length \ the cubic foot of lead weighing 
11325 ounces, Anf *20737 inches. 

Qu. 31. Sqp- 
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Jl Qy. 31. Suppofe the expence of pacing a femicircular 
plot, at 2s 4d per foot, come to iol, what is the diameter 
bf it ? Anf, 147737. 

r Qy. 32. What is the length of a chord which cuts off f 
of the area from a circle whofe diameter is 289 ? 

Anf, 278*6716. 

Qy. 33. My plumber has fet me up a ciftern, and, 
his (hop-book being burnt, he has no means of bringing 
in the charge, and I do not choofe to take it down to have 
it weighed ; but by meafure he finds it contains 64^ fquare 
feet, and that it is precifely £ of an inch in thicknefs. 
Lead was then wrought at 21I per fother of 19I- cwt. It 
is required from thefe items to make out the bill, allow¬ 
ing 6|. oz for the weight of a cubic inch of lead. 

Anf. £4112 

Qy. 34. What will the diameter of a globe be, when 
the folidity and fuperficial content are expreffed by the 
fame number ? Anf. 6. 

Qy. 35. A fack, that would hold/3 bufhels of corn, 
is 22- inches broad when empty; what will another fack 
contain which, being of the fame length, has twice its 
breadth or circumference ? Anf. 12 bufhels. 

Qy. 36. A carpenter is to put an oaken curb to a 
round well, at 8d per foot fquare: the breadth of the 
curb is to be 7^ inches, and the diameter within 13* feet * 
what will be the expence ? S' Anf. 5 s 

Qy-. 37* A gentleman has a garden 100 feet long, 
and 80 feet broad j and a gravel walk is to be made of an 
equal width half round it { what muft the breadth of the 

< ' ** r . * t 

walk be to take'up juft half the ground 

K. 2 - Arff.' 25 *968 feet. 

Q, 38. A 
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Qy, 38. A may-pole whofe top, being broken off Isy 
a blaft of wind, ftruck the ground at 15 feet diitance from 
the foot of the pole ; what was the height of the whole 
may-pole, fuppofing the length of the broken piece to be 
39 feet ? Anf. 75 feet. 

Qu. 39. Seven men bought a grinding ftone of 60 
x inches diameter, each paying 4* part of the expence; 
what part of the diameter muft each grind down for his 
lhare ? 

Anf. the iff 4*4508, 2d 4*8400, 3d 5*3535, 4th 
6*0765, 5th 7*2079, 6th 9*3935, 7th 22*6778. 

Qy. 40. A maltfter has a kiln that is 16 feet 6 inches 
fquare: but he wants to pull it down, and build a new 
one that may dry three times as much at once as the old 
one ; what muft be the length of its fide ? 

Anf. 28 f 7 inches. 

Qy. 41. How many 3 inch cubes may be cut out of a 
12 inch cube ? * Anf. 64. 

Qy. 42. How long muft the tether of a horfe be, that 
will allow him to graze, quite around, juft an acre of 
ground ? Anf. 39^ yards. 

, Qy. 43. What will the painting of a conical fpire 
come to at 8d per yard ; fuppofing the height to be 118 
feet, and the circumference of the bafe 64 feet ? 

Anf. £ 14 o 8|. 

Qy. 44. The diameter of a ftandard corn bufhel is 
184 inches, and its depth 8 inches ; then what muft the 
diameter of that buftfel be whofe depth is 7 4 inches ? 

Anf. 19*1067. 


Qy, 45. Sup- 
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Qu. 45. Suppofe die ball on the top of St. Paul’s 
church is 6 feet in diameter; what did the gilding of it coft 
at 3£d per fquare inch ?. Anf. £ 237 19 to*. 

Qu. 46. What will a fruftum of a marble cone come 
to at 12s per folid foot; the diameter of the greater end 
being 4 feet, that of thejefs end 1*, and the length of 
the llant fide 8 feet? Anf. £ 30 1 101. 

Qu. 47. To divide a cone into three equal parts by 
fe&ions parallel to the bafe, and to find the altitudes of 
the three parts, the height of the whole cone being 20 
inches. 

Anf. the upper part 13*867 
the middle part 3*604 
the lower part 2*528 

* Qu. 48. A gentleman has a bowling-green, 300 feet 
long, and 200 feet broad, which he would raife 1 foot 
higher, by means of the earth to be dug out of a ditch 
that goes round it: to what depth muft the ditch be dug, 
fuppofing its breadth to be every where 8 feet ? 

Anf. 7* J feet. 

-' Qu. 49. How high above the earth muft a perfon be 

ifed, that he may fee y of its furface ? 

Anf. to the height of the earth’s diameter. 

Qu. 50. A cubic foot of brafs is to be drawn into 
wire of ^ of an inch in diameter ; what will the length 
of the wire be, allowing no lofs in the metal ? 

Anf. 97784*797 yards, or 55 miles 984*797 yards. 

‘Qu. 51. Of what diameter muft the bore of a cannon 
be, which is caft for a ball of 241b weight, fo that the 
diameter of the bore may be T ~ of an inch more than that 
of the ball ? Anf. 5*757 inches. 

K 3 Qy. 52. Sup. 
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Qu. 52. Suppofing the diameter of an iron 91b ball 
to be 4 inches, as it is very nearly ; it is required to find the 
diameters of the feveral balls weighing I, 2, 3, 4, 6 , 
12, 18, 24, 36, and 42 lb, and the caliber of their guns, 
allowing of the caliber, or ^ of the ball’s diameter, 
for windage. 


Anfwer. 


Wt 

ball 

Diameter 

ball 

Caliber 

gun 

I 

1*9230 

1*9622 

2 

2*4228 

2*4723 

3 

2*7734 

2*8301 

4 

3*0526 

3 * 1*49 

6 

3*4943 

3*5656 

9 

4-0000 

4-0816 

12 

4*4026 

4-4924 

18 

5-0397 

5*1425 

24 

5 ’ 54 b 9 

5*6601 

3 6 

6-3496' 

6-4792 

42 

6 6844 

6-8208 


Qu. 53 * Suppofing the windage of all mortars be 
allowed to be of the caliber, and the diameter of the 
hollow part of the fhell to be -J- s of the caliber of the 
mortar: It is required to determine the diameter and 
weight of the ftiell, and the quantity or weight of powder 
requifite to fill it, for each of the feveral forts of mortars, 
namely, the 13, 10, 8, 5*8, and 4*6 inch mortar. 

Anfwer. 


Calib, 

mort. 

I * 

v' Dkmcter 
r mell 

Wt Ihell 
empty 

Wt of 
powder 


4*6 

5*8 

8 

12 

*3 

^867 

9* 8 33 
j 2 783 

8?32o 

16-677 

43*764 

85-476 

187*791 

0*583 

1*168 

3*665 

5*986 

* 3**51 

8-002 

17*845 

46*829 

91*462 

200*942 











MENSURATION, 


*35 


Qu* 54, If a heavy fphere, whofe diameter is 4 inches, 
be let fall into a conical glafs, full of water, whofe diame-* 
ter is 5, and altitude 6 inches } it is required to determine 
how much water will run over. 

* 

Anf. 26*272 cubic inches, or near |4 parts of a pint. 

Qy. 55. The dimensions of the fphere and cone being the 
fame as in the laft queftion, and the cone only i full of 
water; required what part of the axis of the fphere is im- 
merfed in the water: Anf. *546 parts of an inch. 

Qu. 56. The cone being ftill the fame, and ^ full of 
water; required the diameter of a fphere which fhall be 
juft all covered by the water. Anf. 2"445996* 

Qy. 57. If a perfon, with an air balloon, afeend ver- - 
tically from London, to fuch height that he can juft fee 
Oxford appear in the horizon; it is required to determine 
his height above the earth, fuppofing the earth’s radius 
to be 3965 miles, and the diftance between London and 
Oxford 49*5933 miles. 

Anf. of a mile, or 547 yards 1 foot. 

^Qy* 58. In a garrifon there are three remarkable 
objects a, B, c, the diftances of which from one to 
another are known to be ab 213, ac 424, and bc 262 
yards ; I am defirous of knowing my pofition and dif¬ 
tance at a place or ftation s, from whence I obferved 
the angle asb 13 0 30', and the angl^ css 29 0 £</> both 
by geometry and trigonometry 



Qy. 59. Re* 


Anfwer. 

AS 605I, bs 429L cs 524* 
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Qu. 59. Required the fame as in t^e laft queftion, 
when the point b is on the other fide of ac, fuppofing 
ab 9, ac 12, and bc 6 furlongs j alfo the angle asb 
33° 45 , > an ^ t ^ ic a ngle bsc 22 0 30'. 


* 

Anfwer. 

as 10*64, bs 15*64, cs 14*01, 



Qu- 60. It is required to determine the magnitude of 
a cube of gold, of the ftandard finenefs, which fhall bc 
equal to the national debt of 240 million of pounds ; fup¬ 
pofing a guinea to weigh 5 dwts g~ grains. 

Anf. 15*3006 feet. 

Qu. 61. The ditch of a fortification is 1000 feet long, 
9 feet deep, 20 feet broad at bottom, and 22 at top ; 
how much water will fill the ditch ? 

Anf. 1158182 gallons nearly. 
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SPECIFIC GRAVITY. 


1 HE fpecific gravities of bodies, are their relative 
weights contained under the fame given magnitude; as a 
cubic foot, or a cubic inch, Sec. 

The fpecific gravities of feveral forts of matter are ex- 
prefled by the numbers annexed to their names in the fol¬ 
lowing table. 


A Table of the * Specific Gravities of Bodies. 


Fine gold 

i9®fo 

Brick „ 

• / 
2000 

Standard gold 

18888 

Light earth 

1984 

Quick-filver 

14000 

Solid gun -powder 

*745 

Lead 

11325 

Sand 

1520 

Fine filver 

11091 

Pitch 

1150 

Standard filver 

10535 

Box-wood 

1030 

Copper 

9000 

Sea-water 

1030 

Gun metal 

8784 

Common water 

1000 

Caft brafs 

8000 

Oak 

9 2 S 

Steel 

7859 

Gun-powder, fhaken 

922 

Iron 

7645 

Afh ^ 

800 

Caft iron 

742s 

Maple 

*755 

Tin 

7320 

Elm 

600 

Marble 

i 

"—• '2700 

Fir 

550 

Common ftorte 

' 2520 

Cork 

240 

Loom 

2160 

Air at a mean ftate 



Note* 



SPECIFIC GRAVITY. 


*3® 

Note, The feveral forts of wood are t fuppofed to be 
dry. Alfo, as a cubic foot of water weighs juft 1000 
ounces avoirdupois, the numbers in this table exprefs, not 
only the fpecific gravities of the feveral bodies, but alfo the 
weight of a cubic foot of each, in avoirdupois ounces ; and 
thence, by proportion, the weight of any other quantity, 
or the quantity of any other weight, may be known, as in 
the following problems. 

PROBLEM I. 

To find the Magnitude of any Body from its Weight, 

As the tabular fpecific gravity of the body, 

Is to its weight in avoirdupois ounces, 

So is one cubic foot, or 1728 cubic inches, 

To its content in feet, or inches* refpe£tively. 

EXAMPLES. 

Ex. 1. Required the content of an irregular block of 

* 

common ftone which weighs i cwt, or H2lb. 

Anf. i 228|?-44 cu k* inc, 

Ex. 2. How many cubic inches of gun-powder are 
there in 1 lb weight. Anf. 30 cubic inches nearly. 

Ex. 3. How many cubic fept are there in a ton weight 
©f dry oak ) Anf, 38 cubic feet, 

PROBLEM II.- 

To find the Weight of a Body from its Magnitude. 

i As one cubic foot, or 1728 cubic inches, 
m* to the content of the body, 
g So is its tabular fpecific gravity, 

To the weight of the body. 

EXAMPLES* 
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, EXAMPLES. 

Ex. i. Required the weight of a block of marble, whofe 
iength is 63 feet, and breadth and thicknefs each 12 feet; 
being the dimenfions of one of the ftoncs in the walls of 
Balbeck. 

Anf. 683 ton, which is nearly equal to the burthen of 
an Eaft-India fhip. 

Ex. 2. What is the weight of 1 pint, ale meafure, of 
gun-powder? Anf. 19 oz. nearly. 

Ex. 3. What is the weight of a block of dry oak, 
which meafures 10 feet in length, 3 feet broad, and 2 [-feet 
fleep? * Anf. 4335f|lb. 


PROBLEM III. 

To find the Specific Gravity of a Body . 

Case i. When the body is heavier than water, weigh 
it both in water and out of water, and take the difference, 
Which will be the weight loft in water. Then 

As the weight loft in water. 

Is to the whole weight, 

So is the fpecific gravity of water, 
r JTo the fpecific gravity of the body. 

EXAMPLE. 

A piece of ftone weighed 10 lb, but in water only-6^ lb, 
required its fpecific gravity. Anf. 3077. 

4 

Case 2. When the body is lighter than water, fo that 
it will not quite fink ; affix to it a piece of another body 
heavier than water, fo that the mafs compounded of the 
two may fink together. Weigh the heavier body, and the 
compound mafs, feparately, both in water and out of it; 
then find how much each lofes in water, by fubtrailing its 

Weight 
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weight in water From its weight in air ; and fubtra£l the 
lefs of thcfe remainders from the greater. Then 

As this laft remainder. 

Is to the weight of the light body in air. 

So is the fpccific gravity of water, 

To the fpecific gravity of the body. 

EXAMPLE. 

Suppofe a piece of elm weighs 15 lb in air, and that a 
piece of copper, which weighs 18 lb in air and 16 lb in 
water, is affixed to it, and that the compound weighs 8 lb 
in water ; required the fpecific gravity of the elm. 

Anf. 600. 


PROBLEM IV. 

To find the Quantities of Two Ingredients in a given Com¬ 
pound. 

Take the three differences of every pair of the three 
fp*. c fie gravities, nami.lv, the fpccific gravities of the com¬ 
pound and each ingredient; and multiply the difference of 
every two fpecific gravities by the third. Then, as the 
greateft product is to the whole weight of the compound, 
fo is each of the other products to the two weights of the 
ingredients. 


EXAMPLE. 

A compofition of H2lb being made of tin and copper, 

whofe fpecific gravity is found to be 8784 i required the 

quantity of cacljj|j»gredient, die fpecific gravity of tin being 

7320, and of copper 9000. 

Anfwer, that! is 100 lb of copper ? r *. 

and conieq. ,2 lb of tin f ,n the compofit.on. 


O F 
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JL HE weight and dimensions of balls and fhells might 
be found from the problems laft given concerning fpecific 
gravity. But they may be found Stilt eafier by means of 
the experimented weight of a ball of a given fize, from 
the known proportion of fimilar figures, namely, as the 
cubes of their diameters. 

PROBLEM I. 

To find the Weight of an Iron Ball, from its Diameter . 

An iron ball of 4 inches diameter weighs 9 lb, and the 
weights being as the cubes of the diameters, it will be as 
64 (which is the cube of 4) is to 9, fo is the cube of the 
diameter of any other ball, to its weight. Or take of 
the cube of the diameter, for the weight. Or take ~ of 
the cube of the diameter, and ^ of that again, and add the 
two together, for the weight. 

EXAMPLES. 

Ex. 1. The diameter of an iron fhot being 67, re¬ 
quired its weight. Anf. 42*294 lb. 

Ex. 2. 
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Ex. 2. What is the weight of an iron ball whofe 
diameter is 5*54 inches ? Anf. 241b* 

PROBLEM II. 

To find the Weight of a Leaden Ball, 

A leaden ball of 4^ inches diameter weighs 17 lb 5 
therefore as the cube of 4! to 17, or nearly as 9 to 2, 
fo is the cube of the diameter of a leaden ball, to its 
Weight. 

Or take £ of the cube of the diameter, for the weight* 
nearly. 

/ 

EXAMPLES. 

Ex. I. Required the weight of a leaden ball of 6*6 
inches diameter. Anf. 63*8881b- 

Ex. 2. What .is the weight of a leaden ball of 5*24 
inches diameter? Anf. 321b nearly. 

PROBLEM III. 

To find the Diameter of an Iron Ball, 

Multiply the weight .by 7^, and the cube root of the 
product will be the diameter ,j 

1 

t 

EXAMPLES. 

Ex. I. Required the diameter of a 42 lb iron ball. 

Anf. 6*685 inches. 

Ex, 2. What is the diameter of a 24 lb iron ball ? 

Anf. 5*54 inches, 

PROBLEM IV. 

To find the Diameter of a Leaden Ball* 

Multiply the weight by 9, and divide the product by 2; 
then the cube root of the quotient will be the diameter. 


EXAMPLES, 
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EXAMPLES. 

Ex. r. Required the diameter of a 641b leaden ball. 

Anf. 6*605 inches. 

Ex. 2. What is the diameter of an 8 lb leaden ball ? 

Anf, 3*303 inches. 

PROBLEM T. 

To find the Weight of an Iron Shell. 

Take of the difference of the cubes of the external 
and internal diameter, for the weight of the fhcll. 

That is, from the cube of the external diameter take 
the cube of the internal diameter, multiply the remainder 
by 9, and divide the produ£t by 64. 

EXAMPLES. 

Ex. 1. The outfide diameter of an iro%fhell being 12*8, 
and the infide diameter 9*1 inches} required its weight. 

Anf. 188*941 lb. 

Ex. 2. What is the weight of an iron fhell, whofe ex¬ 
ternal and internal diameters are 9*8 and 7 inches ? 

Anf. 84^- lb, 

PROBLEM- VI. 

To find how much Powder will fill a Shell . 

Divide the cube of the internal diameter, in inches, by 
57*3, for the lbs of powder. 

EXAMPLES. 

Ex. 1. How much powder will fill the fhell whofe in¬ 
ternal diameter is 9*1 inches? Anf. 13^lb nearly. 

Ex. 2. How much powder will fill the fhell whofe in¬ 
ternal diameter is 7 inches ? Anf. 6 lb. 


6 
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PROBLEM VII. 

To find how much Powder will fill a Rectangular Box* 

Find the content of the box in inches, by multiplying the 
length, breadth, and depth, all together. Then divide by 
30 for the pounds of powder. 

EXAMPLES. 

Ex. 1. Required the quantity of powder that will fill a 
box, the length being 15 inches, the breadth 12, and the 
depth 10 inches. Anf. 60 lb. 

Ex. 2. How much powder will fill a cubical box 
whofe fide is 12 inches ? Anf. 57I lb. 

problem vm. 

To find how much Powder will fill a Cylinder. 

Multiply the fquare of the diameter by the length, then 
divide by 38-2 for the pounds of powder. 

examples. 

Ex. 1. How much powder will the cylinder hold 
whofe diameter is 10 inches, and length 20 inches? 

Anf. 52jlb nearly. 

Ex. 2. How much powder can be contained in the 
cylinder, whofe diameter is 4 inches, and length 12 inches? 

Anf. 5 1-§■ fib. 

PROBLEM IX. 

To find the Size of a Shell to contain a given JVeight of 

Powder. 

Multiply the pounds of powder by 57*3, and the cube 
root of the produdt will be the diameter in inches. 

EXAMPLES. 

Ex. 1. What is the diameter of a fhell that will hold 
13|lb of powder? Anf Q'l inches. 

Ex. 



AND SHELLS. 


r 4 S 

Ex. 2. What is the diameter of a fhell to contain 6 lb 
of powder ? Ahf. 7 inches. 


problem x. 

To find the Size of a Cubical Box to contain a given Weight 

ofpowder. 

Multiply the weight in pounds by 30, and the cube root 
of the product will be the fide of the box in inches. 

EXAMPLES. 

Ex. x. Required the fide of a cubical box to hold 50 lb 
of gun-powder. Anf. 11*44 inches. 

Ex. 2, Required the fide of a cubical box to hold 
400 lb of gun-powder. Anf. 22*89 

PROBLEM XX. 

To find what Length of a Cylinder will be filled by a given 

Weight of Gun-powder. 

Multiply the weight in pounds by 38*2, and divide the 
product by the fquare of the diameter in inches, for the 
length. 

EXAMPLES. 

Ex. 1. What length of a 36 pounder guri, of 6§- inches 
diameter, will be filled with 12 lb of powder ? 

Anf. 10*314 inches. 

Ex. 2. What length of a cylinder of 8 inches diameter 
may be filled with 20 lb of powder ? Anf. ufjinc. 
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ARON balls and fliells are commonly piled, by horizontal 
courfes, either in a pyramidical or wedge-like form; the 
bafe being either an equilateral triangle, a fquare, or a 
reCtangle. In the triangle and fquare, the pile will finifh 
in a Angle ball; but in the re&angle, it will finifh in a 
Angle row of balls, like an edge. 

In triangular and fquare piles, the number of horizontal 
rows, or courfes, is always equal to the number of balls in 
one fide of the bottom row. And in rectangular piles, 
the number of rows is equal to the number of balls in the 
breadth of the bottom row. Alfo in the number in the 
top row, or edge, is one more than the difference between 
the length and breadth of the bottom row. 

PROBLEM I. 

To find the Number af Balls in a Triangular Pile, 

Multiply continually together the number in one fide of 
the bottom tow, that number increafed by i, and the fame 
numbjM^ncreafed by a § and | of the laft product will he 
the aSiwer. 


That 
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That is, 


~ 4 ~„ 2 is the number or Cum 5 where 
o 

n is the number in the bottom row. 


Ex. 1. Required the number of balls in a triangular pile, 
each fide of the bafe containing 30 balls. Anf. 4960. 

Ex. 2. How many balls are in the triangular pile, 
each fide of the bafe containing 20? Anf. 1540. 


PROBLEM II. 

To find the Number of Balls in a Square Pile • 

Multiply continually together the number in one fide of 
the bottom courfe, that number increafed by 1, and double 
the fame number increafed by 1 3 then £ of the laft pro¬ 
duct will be the anfwer. 

That is, 1 1 is the number. 

6 

EXAMPLES. 

Ex. 1. How many balls are in a fquare pile of 30 rows ? 

Anf. 9455. 

Ex. 2. How many balls are in a fquare pile of 20 
rows ? Anf. 2870. 

PROBLEM III. 

To find the Number of Balls in a Rectangular Pile, 

From 3 times the number in the length of the bafe row, 
fubtra£t one lefs than the breadth of the fame, multiply the 
remainder by the faid breadth, and the product by one 
more than the fame 3 2nd divide by 6 for the anfwer. 

That is, ■* 3 ^ is the number; where 

6 

l is the length, and h the breadth of the loweft courfe. 



14,8 PILING OF BALLS AND S H E LL S. 

Note. In all the piles, the breadth of the bottom is equal 
to the number of courfes. And in the oblong or redan* 
gular pile, the top row is one more than the difference be¬ 
tween the length and breadth of the bottom. 

EXAMPLES. 

Ex. i. Required the number of balls in a redangular 
pile, the length and breadth of the bale row being 46 and 15. 

Anf. 4960. 

Ex. a» How many {hot are in a redangular complete 
pile, the length of the bottom courfe being 59, and its 
breadth 20 ? Anf. 11060. 


PROBLEM IV. 

To find the Number of Balls in an Incomplete Pile . 

From the number in the whole pile, confidered as com¬ 
plete, fubtrad the number in the upper pile which is 
wanting at the top, both computed by the rule for their 
proper form ; and the remainder will be the number in the 
fruftum, or incomplete pile. 

EXAMPLES. 

Ex. 1. To find the number of fhot in the incomplete 
triangular pile, one fide of the bottom courfe being 40, and 
the top courfe 20. Anf. 10150. 

Ex. 2. How many (hot are in the incomplete triangular 
pile, the fide of the bafe b^ing 24, and of the top 8 ? ‘ 

Anf. 2516. 

Ex. 3. How many balls are in the incompl#j jbuarc 
pile, the fide of the bafe being 24, and of the topP? 

: Anf. 4760. 

"4. How many fhot are in the incomplete redan- 
gillto pile, of i& fcourfes, the length and breadth of the 
being 40 and 20 ? Anf. 6146. 

o f 



DISTANCES 


BY THE 


VELOCITY OF SOUND. 


R Y various experiments it has been found that found 
flies, through the air, uniformly at the rate of about 1142 
feet in 1 fecond of time, or a mile in \\ feconds. And 
therefore, by proportion, any diftance may be found cor- 
refponding to any given time; namely, multiply the given 
time, in feconds, by 1142, for the correfponding diftance 
in feet j or take T 3 T of the given time for the diftance in 
miles. 

Note. The time for the paflage of found in the inter¬ 
val between feeing the flaih of a gun, or lightning, and 
hearing the report, may be obferved by a watch, or a fmall 
pendulum. Or it may be obferved by the beats of the 
pulfe in the wrift, counting, on an average, about 70 to a 
minute for perfons in moderate health, or si pulfations to 
a mile; and more or lefs according to circumftances. 

examples. 

Ex. 1. After obferving a flaih of lightning, it was 12 
feconds before I heard the thunder 5 required the diftance pf 
the cloud from whence it came. Anf. 24 m ^ es * 

L 3 / Ex. a- 
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Ex. 2. How long, after firing the tower guns, may 
the report be heard at Shooters-Hill, fuppofing the diftance 
to be 8 miles in a ftraight line ? Anf. 37-*- feconds. 

Ex. 3. After obferving the firing of a large cannon at 
a diftance, it was 7 feconds before I heard the report; 
what was its diftance ? Anf. i\. mile. 

Ex. 4. Perceiving a man at a diftance hewing down a 
tree with an axe, I remarked that 6 of my pulfations palled 
between feeing him ftrike and hearing the report of the 
blow; what was the diftance between us, allowing 70 
pulfes to a minute ? Anf. 1 mile and 198 yards. 

Ex. 5. How far off was the cloud from which thunder 
iffued, whofe report was 5 pulfations after the flafli of 
lightning] counting 75 to a minute? Anf. 1523 yards. 

Ex. 6. If I fee the flalh of a cannon fired by a fhip in 
diftrefs at fea, and hear the report 33 feconds after, how 
far is {he off? Anf. 7^ miles. 


PR AC- 



PRACTICAL EXERCISE 


I N 


'MECHANICS, STATICS, HYDROSTATICS, SOUND, MO¬ 
TION, GRAVITY, PROJECTILES, AND OTHER 
BRANCHES OF NATURAL PHILOSOPHY. 


Question i. R EQUIRED the weight of a caft 
iron ball of 3 inches diameter, fuppofing the weight of 
a cubic inch of the metal to be 0*258 lb avoirdupois. 

Anf. 3*64739 lb. 

Qu. 2. To determine the weight of a hollow fpherical 
iron fhell 5 inches in diameter, the thicknefs of the metal 
being one inch. Anf. 13*238716, 

Qu. 3. Being one day ordered to oblerve how far a 
battery of cannon was from me, I counted by my watch 
17 feconds between the time of feeing the flafh and hear¬ 
ing the report; what was the diftance ? Anf. 34- miles. 

Qu. 4. If the diameter of the earth be 7930 miles, 
and that of the moon 2160 miles ; required the proportion 
of their furfaces, and alfo of their folidities ; fuppofing 
them both to be globular, as they are very nearly. 

Anf. the furfaces are as 134. to 1 nearly, 
and the folidities as 494 to 1 nearly* 

h 4 Qu. 5. It 
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Qu. 5. It is propofed to determine the proportional 
quantities of matter in the earth and moon j the denfity of 
the former being to that of the latter as 10 to 7, and their 
diameters as fpecified in the preceding problem. 

Anf. as 71 to 1 nearly. 

Qu. 6. What difference is there, in point of weight, 
between a block of marble containing 1 cubic foot and a 
half, and another of brafs of the fame dimenfions ? 

Anf. 4961b 14 025. 

Qu. 7- In the walls of Balbeck in Turkey, the an¬ 
cient Heliopolis, there are three ftoncs laid end to end, 
now in fight, that meafure in length 61 yards ; one of 
which in particular is 21 yards or 63 feet long, 12 feet 
thick, and 12 feet broad : now if this block be marble, 
what power would balance it, fo as to prepare it for 
moving ? 

Anf. 693/^ tons, the burthen of an Eaft-India {hip. 

Qu. 8. The battering-ram of Vefpaffan weighed, fup- 
pofe iooooo pounds ; and was moved, let us admit, with 
fuch a velocity, by ftrength of hands, as to pafs through 
20 feet in one fecond of time; and this was found fuffi- 
cient to demolifh the walls of Jerufalem. The queftion 
is with what velocity a 32 lb ball mull move, to do the 
fame execution. Anf. 62500 feet. 

Qu. 9. There are two bodies, of which the one con¬ 
tains 25 times the matter of the other, or is 25 times 
heavier j but the lefs moves with 1000 times the velocity 
of the greater : in what proportion then are the momenta 
pr forces with which they are moved ? 

Anf. the lefs moves with a force 40 times greater. 

"t 

Qu. *©: **A body, weighing 20 lb* is impelled by fuch 
a force if 4 to fend it through 100 feet in a fecond j with 

what 
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what velocity then would a body of 8 lb weight move, if 
it were impelled by the fame force ? 

Anf. 250 feet per fecond. 

Qu. 11. There are two bodies, the one of which 
weighs 100 lb, the other 60; but the lefs body is im¬ 
pelled by a force 8 times greater than the other 5 the pro¬ 
portion of the velocities, with which thefe bodies move, 
is required. 

Anf. the velocity of the greater to that of the lefs, as 3 to 40. 

Qu- 12. There are two bodies, the greater contains 
8 times the quantity of matter in the lefs, and is moved 
with a force 48 times greater ; the ratio of the velocities 
of thefe two bodies is required. 

Anf. the greater to the lefs, as 6 to 1. 

Qu. 13. There are two bodies, one of which moves 
40 times fwifter than the other ; but the fwifter body has 
moved only one minute, whereas the other has been in 
motion 2 hours : the ratio of the fpaces deferibed by thefe 
two bodies is required. 

Anf. the fwifter to the flower, as i to 3. 

Qu. 14. Suppofing one body to move 30 times 
fwifter than another, as alfo the fwifter to move 12 
minutes, the other only 1 : what difference will there 
be between the fpaces deferibed by them, fuppofing the 
laft has moved 60 inches ? Anf. 1795 feet. 

Qu. 15. There are two bodies, the one of which has 
pafled over 50 miles, the other only 5; and the firft had 
moved with 5 times the celerity of the fecond: what is 
the ratio of the times they have been in deferibing thofe 
{paces ? Anf. as 2 to i. 


Qu. 16. If 
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•^Qu. 16. If a lever, 40 effe&ivc inches long, will, by 
a certain power thrown fucceffively upon it, in 13 hours, 
raife a weight 104 feet; in what time will two other levers, 
each 18 effe£live inches long, raife an equal weight 73 
feet? Anf. 10 hours 8£ minutes. 

Qu. 17. What weight will a man be able to raife, who 
prefles with the force of a hundred and a half, on the end 
of an equipoifed handfpike 100 inches long, meeting with 
ka convenient prop exactly 7^ inches from the lower end of 
the machine ? Anf. 2072 lb. 

Qu. 18. A weight of if lb laid on the fhoulder of a 
man is no greater burthen to him than its abfolute weight, 
or 24 ounces : what difference will he feel, between the 
faid weight applied near his elbow, at 12 inches from the 
fhoulder, and in the palm of his hand, 28 inches from the 
fame ; and how much more muft his mufcles then draw to 
fupport it at right angles, that is, having his arm ftretched 
right out ? Anf. 24 lb avoirdupois. 

Qu. 19. What weight hung on at 70 inches from 
the centre of motion of a fteel-yard, will balance a finall 
gun of 9I cwt, freely fufpended at 2 inches diftance from 
the faid centre on the contrary fide ? Anf. 301 lb, 

Qu. 20. It is propoled to divide the beam of a fteel- 
yard, or to find the points of divifion where the weights of 
j, 3> 4» &c lb on the on® fide, will juft balance a 
■conftant weight of 95 lb at the diftance of 2 inches on the 
other fide of the fulcrum, the weight of the beam being 
10 lb, and its whole length 36 inches. 

Anf. 30, 15, 1% 5, 4^, 3f, 3f, 3, 2^ 2f, &c, 

Qu. 21* T*wo men carrying a burthen of 200 lb 
weight between them, hung on a pole, the ends of which 
"reft on their fhoulders j how much of this load is borne by 

each 



IN MECHANICS, STATICS, &c. r $5 

. 1 . ' 
each man, the weight hanging 6 iftchcs from the middle, 
and the whole length of the pole being 4 feet ? 

Anf. 1251b and 75 lb. 

Qu. 22. If, in a pair of feales, a body weigh go lb in 
one fcale, and only 401b in the other ; required its true 
weight, and the proportion of the lengths of the two arms 
of the balance beam on each fide of the point of fuf- 
penfion. 

Anf. the weight 60 lb, and the propor. 3 to 2. 

Qu. 23. To find the weight of a beam of timber, 
or other body, by means of a man’s own weight, or any 
other weight. Foi inftance, a piece of tapering timber, 

* 24 feet long, being laid over a prop, or the edge of another 
beam, is found to balance itfelf when the prop is 13 feet 
from the lefs end j bijt removing the prop a foot nearer to 
the faid end, it takes a man’s weight of 210 lb, ftanding 
on the lefs end, to hold it in equilibrium. Required the 
weight of the tree. . , Anf. 25201b. 

Qu. 24. If ab be a cane or walking-ftick, 40 inches 
long, fufpended by a ftring sd fattened to the middle point 
d : now a body being hung on at E, 6 inches diftant from 
d, is balanced by a weight of 2 lb, hung on at the larger 
end a ; but removing the body to f, one inch nearer to 
D, the 2 lb weight on the other fide is moved to g, 
within 8 inches of d, before the cane will reft in equili- 
brio. Required the weight of the body. Anf. 24 lb. 

Qu. 25. If ab, ftc be two inclined planes, of the 1 ' 
lengths of 30 and 40 inches, and moveable about the joint 
at b : what will be the ratio of two weights p, <5^ in equi- 
librio upon the planes, in all pofitions of them5 and what: 
will be the altitude bd of the angle b above the hori - 
zontal plane ac when this is 50 inches long ? 

Anf. bb = ; ~24 j and j^to Ras ab to bc, or as 3 to 4. 

Qu. 26. A 
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Qu. 26. A lever of 6 feet long is fixed at right angles 
in a fcrew, whofe threads are one inch afunder, fo that the 
lever turns juft once round in railing or deprefling the 
fcrew one inch. If then this lever be urged by a weight 
or force of 50 lb, with what force will the fcrew prefs ? 

Anf. 22619! Ib. 

Qu. 27. If a man can draw a weight of 150 lb up the 
fide of a perpendicular wall, of 20 feet high; what 
weight will he be able to raife along a fmooth plank of 30 
feet long, laid aflope from the top of the wall ? 

1 ' j Anf. 225 lb. 

* 

Qy. 28. If a force of 1501b be applied on the head 
of a re£t angular wedge, its thicknefs being 2 inches, and 
the length of its fide 12 inches j what weight will it 
raife or balance perpendicular to its fide ? 

Anf. 900 lb. 

Qu. 29. If a round pillar, of 30 feet diameter, be 
railed on a plane, inclined to the horizon in an angle of 
75°, or the {haft inclining 15 degrees out of the perpen¬ 
dicular * what length will it bear before it overfet ? 

Anf. 30(2 -4- »/$) or u 1 *9615 feet. 

* 

Qu. 30. If the greateft angle at which a bank of 
natural earth will ftand, be 45°, it is propofed to de- 
tejpine what thicknefs an upright wall of ftone muft be 
dide throughout, juft to fupport a bank of 12 feet 
high; the fpecific gravity of the ftone being to that of 
earth, as 5 to 4. Anf. 12,/^, or 8*76356 feet. 

Qu. 31. If the ftone wall be made like a wedge, dr 
having i& upright fc&ion a triangle, tapering $o a point 
at top, but its fide next the bank of earth perpendicular 

toi 
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to the horizon} what is its thicknefs at the bottom fo as 
to fupport the fame bank ? 

Anf. 12or 10*733126 feet. 

Qu. 32. But if the earth will only Hand at an angle 
of 30 degrees to the horizontal line ; it is required to de¬ 
termine the thicknefs of wall in both the preceding cafes. 

Anf. the breadths are the fame as before, becaufe the 
area of the triangular bank of earth is increafed in 
the fame proportion as its horizontal pulh is de- 
creafed. 

Qu. 33. To find the thicknefs of an upright rectangu¬ 
lar wall, neceflary to fupport a body of water ; the water 
being 10 feet deep, and the wall 12 feet high; alfo the fpecific 
gravity of the water, as n to 7. Anf. 4*204374 feet. 

Qu. 34. To determine the thicknefs of the wall at 
the bottom, when the fe<Stion of it is triangular, and the 
altitudes as before. Anf. 5*1492866 feet. * 

Qu. 35. Suppofing the diftance of the earth from the 
fun to be 95 millions of miles, I would know at what 
diftknce from him another body muft be placed, fo as to 
receive light and heat quadruple to that of the earth. 

Anf. at half the diftance, or 47§ millions. 

Qu. 36. If the mean diftance of the fun from us be 106 
of his diameters, how much hotter is it at the furface of 
the fun, than under our equator ? 

Anf. 11236 times hotter. 

Qu. 37. The diftance between the earth and fun 
being accounted 95 millions of miles, and between Ju¬ 
piter and the fun 495 millions } the degree of light and 
heat received by Jupiter, compared with that of the earth, 
is required. 

Anf. or nearly of the earth's light and heat. 

Qu. 38. A 
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Qu. 38. A certain body on the furface of the earth 
weighs a cwt, or 112 lb j the queftion is whither this 
body muft be carried, that it may weigh only 10 lb. 

Anf. either at 3*3466 femi-diameters, or of afemi- 

J diameter from the center. 

Qu. 39. If a body weigh x pound or 16 ounces upon 
the furface of the earth, what will its weight be at 50 
miles above it, taking the earth’s diameter at 7930 
miles. Anf. 15 oz 9|-dr nearly, 

Qu. 40. Where-abouts, in the line between the 
earth and moon, is their common centre of gravity: fup- 
pofing the earth’s diameter to be 7930 miles, and the 
moon’s 2160; alfo the denfity of the former to that of 
the latter, as id to 7, and their mean diftance 30 of the 
earth’s diameters ? 

Anf. at parts of a diam, from the earth’s center, 
or parts of a diameter, or 963 miles below the 
furface. 

Qu. 41. Where-abouts, between the catth and moon, 
are their attractions equal to each other ? Or, where muft 
another body be placed, fo as to remain in equilibrio, not 
being more attracted to the one than to the other, or 
having no tendency to fall either way ? Their dimenfions 
being as in the Iaft queftion. 

Anf. From the earth’s center 26 T 9 T \ of the earth’s di- 
From the moon’s centre 2 nr J ameters. 

Qu. 42. Suppofe a ftone, dropt irito an abyfs, fhould 
be flopped at the end of the nth fecond after its delivery, 
what fpace would it have gone through ? 

Anf. 1946-/5 feet. 

+ 3 - What is the difference between the depths 
of two "wells, into each <^f which fhould a ftone be dropped 

at 



IN MECHANICS, STATICS, &C. 159 

*n 

at the fame inftant, one will ftrike the bottom at 6 
feconds, the other at 10? Anf. 10293 ^ eet * 

Qu. 44. If a ftonc be 19- feconds in defcending from 
the top of a precipice to the bottom, what is its height ? 

Anf. 6115-14 feet. 

Qu. 45. In what time will'a mufket ball, dropped 
from the top of Salifbury fteeple, faid to be 400 feet high, 
reach the bottom ? Anf. 5 fee. nearly. 

Qu. 46. If a heavy body be obferved to fall through 
100 feet in the laft fecond of time, from what height did 
it fall, and how long was it in motion ? 

Anf. time fee. and height 209^114 feet. 

Qu. 47. A ftone being let fall into a well, it was ob¬ 
ferved that, after being dropped, it was 10 feconds before 
the found of the fall at the bottom reached the ear. 
What is the depth of the well ? Anf. 1270 feet nearly. 

Qu. 48. It is propofed to determine the length of a 
pendulum vibrating feconds in the latitude of London, 
where a heavy body falls through 164* feet in the firft 
fecond of time. Anf. 39*11 inches. 

By experiment this length is found to be 39inches. 

Qu. 49. What is the length of a pendulum vibrating 
in 2 feconds j alfo in half a fecond, and in a quarter fe¬ 
cond ? 

Anf. the 2 fecond pendulum 156^ 
the ' fecond pendulum 9|| 
the - fecond pendulum 2-4 /t inches. 

Qu. 50, What difference will there be in the number 

of 
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©f vibrations made by a pendulum of 6 inches long, and 
another of 12 inches long, in an hour's time ? 

Anf. 2692^. 

Qu, 51. Obferved that while a {bone was defcending 
to meafure the depth of a well, a firing and plummet, 
that from the point of fufpenfion, or the place where it 
was held, to the center of ofcillation, meafured juft 18 
inches, had made 8 vibrations. What was the depth of 
the well ? Anf. 412*61 feet. 

Qu. 52. If a ball vibrate in the arch of a circle, 10 
degrees on each fide of the perpendicular; or a ball roll 
down the loweil 10 degrees of the arch j required the 
velocity at the loweft point: the radius of the circle, or 
length of the pendulum, being 20 inches. 

Anf. 4*4213 feet per fee. 

Qu. 53. If a ball defeend down a fmooth inclined 
plane, whofe length is 100 feet, and altitude 10 feet; 
how long will it be in defcending, and what will be the 
laft velocity ? 

Anf. the veloc. 25*364 feet per fee. and time 7*8852 fee, 

Qu- 54. If a cannon ball of 1 lb weight be fired 
againft a pendulous block of wood, and ftriking the center 
of ofcillation, caufe it to vibrate an arc whofe chord is 30 
inches; theggradius of that arc, or diftance from the axis 
to the lovwft point of the pendulum, being 118 inches, 
arid the pejpulurn vibrating in fmall arcs 40 ofcillations per 
minute. J^pquircd the velocity of the ball, and the ve- 
locityfe#t*the center of ofcillation of the pendulum at the 
loweft point of the arc ; the whole weight of the pendu¬ 
lum being 500 lb. 

Anf. veloc. ball 1956*6054 feet per fee. 
and veloc. cent, ofcil. 3*9054 feet per fee. 

Qu. 55. How 
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Qu* 55. How deep will a cube of oak fink in com¬ 
mon water ; each fide of the cube being 1 foot ? 

Anf. 1 i T *^ inches. 

Qu. 56. How deep will a globe of oak fink in water; 
the diameter being 1 foot ? Anf. 9*9867 inches. 

Qu. 57. If a cube of wood, floating in common water, 
have 3 inches of its height dry above the water, and 
4,01 inches diy when in fea water ; it is propofed to de¬ 
termine the magnitude of the cube, and what fort of 
wood it is made of. 

Anf. the wood is oak, and each fide 40 inches. 

Qy. 58. An irregular piece of lead ore weighs in 
air 12 ounces, but in water only 7; and another frag¬ 
ment weighs in air 34’ ounces, but in water only 91 re¬ 
quired their comparative denfities, or fpecific gravities. 

Anf. as 145 to 132. 

Qu. 59, An inegular fragment of glafs in the fcale 
weighs 171 grains, and another of magnet 102 grains; 
but in water the fijjt fetches up no more than 120 grains, 
and the othei 79 : what then will theii fpecific gravities 
turn out to be ? 

Anf. glafs to magnet as 3933 to 5202, or nearly as 10 
to 13. 

Qu. 60. Hiero, king of Sicily, ordered h|t||weller to 
make him a crown, containing 63 ounces of gold/* he work¬ 
men thought that fubftituting part filver was onfy a pl^per 
perquifite ; which taking air, Archimedes was appointed to 
examine it; who, on putting it into a veflel of water, found 
it raifed the fluid 8*2245 cubic inches: and having dif- 
covered that the inch of gold more critically weighed 
10*36 ounces, and that of filver but 5*85 ounces, he found 

M by 
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by calculation what part of his majefty’s gold had been 
changed. And you are.defired to repeat the procefs. 

Anf. 28*8 ounces, 

Qtr. 61. Suppofing the cubic inch of common glafs 
weigh 1*4921 ounces avoirdupois, the fame of fea water 
*59542, and of brandy *5368 ; then a feaman having a 
gallon of this liquor in a glafs bottle, which weighs 
3*84 lb out of water, and to conceal it from the officers 
of the cuftoms, throws it overboard. It is propofed to 
determine, if it will fink, how much force will juft buoy 
it up, Anf. 14*1496 ounces, 

Q_u- 62. Another perfon has half an anker of brandy, 
of the fame fpecific gravity as in the laft queftft>nj the wood 
of the cafk fuppofe mcafures £ of a cubic foot; it is pro¬ 
pofed to affign what quantity of lead is juft requifite to 
keep the cafk and liquor under water.' 

Anf. 89*743 ounces. 

Qy. 63. Suppofe by meafurement it be found that 
a man of war, with its ordnance, rigging, and appoint¬ 
ments, finks fo deep as to difplace 50000 cubic feet of 
water; what is the whole weight of the v eft el ? 

Anf. 1395 , T 0 tons, 

Qy. 64. It is required to determine what would be the 
height of the atmofphere, if it were every where of the 
fame deflfity as at the furface of the earth, when the 
quickfilver in the barometer ftands at 30 inches; and alfo 
what would be the height of a water barometer at the fame 
time. 

Anf. height of the air 175000 feet or 5*5240 miles, 
height of water 35 feet. 

Qu. 65. W|th what velocity would each of thofe 

three 
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three fluids, viz, quickfiiver, water, and air, iflue through 
a fmall orifice in the bottom of veflfds, of the refpe£tive 
heights of 30 inches, 35 feet, and 5*5240 miles; efti- 
mating the preflure by the half altitudes, and the air rufh- 


ing into a vacuum ? feet. 

Anf. the veloc. of quickfiiver 8*967 
the veloc. of water 33 ; 55 

the veloc. of air 968*6 

But cflimating by the whole alt. the veloc. of air is 1369'8 
And the mean between thefe two is ii69'2 


which is nearly the velocity of found, and alfo nearly equal 
to the velocity of a hall through the air when it fuffers a 
refiftancc equal to the preflure of the atmofphere. 

Qn. 66. A very large vcflel of 10 feet high (no mat¬ 
ter what fhape) being kept conftantly full of water, by a 
large fupplying cock at the top ; if 9 fmall circular holes, 
each of an inch diameter, be opened in its perpendicular 
fide at every foot of the depth; it • is required to deter¬ 
mine the fevcral diftances to which they will fpout on the 
horizontal plane of the bale, and the quantity of water 
difeharged by all of them in 10 minutes. 

Anf. the diftances are 


v'iS or 

4.24264 


5*65685 

^42 - 

6-48074 

*'4» - 

6*92820 

\/50 - 

7*07106 

a/48 

6*92820 

a/42 - 

6-48074 

a/32 - 

5-05685 

v/18 - 

4*24264 


and the quantity difeharged in 10 min. 87*5997 gallons. 


M 2 


Qy. 67. If 
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Qu. 67. If the inner axis of a hollow globe of copper, 
exhaufted of air, be 100 feet; what thicknefs muft it be of, 
that it may juft float in air ? 

Anf. *02688 of an inch thick. 

Qy. 68. If a fpherical balloon of copper of T *- 0 - of 
an inch thick, have its cavity of 100 feet diameter, and 
be filled with inflammable air of T * e of the gravity of com¬ 
mon air ; what weight will juft balance it, and prevent it 
from rifing up into the atmofphere. Anf. 204531b. 

Qy. 69. If a glafs tube, 36 inches long, clofe at 
top, be funk perpendicularly into water, till its lower or 
open end be 30 inches below the furfacc of the water; 
how high will the water rife within the tube, the quick- 
filver in the common barometer at the fame time Handing 
at 297 inches ? Anf. 2*26545 inches. 

Qy. 70. If a diving bell, of the form of a parabolic 
conoid, be let down into the fea to the feveral depths 
of 5? I0 * an< ^ 20 fathoms j it is required to affign 
the refpe&ive heights to which the water will rife within 
it: its axis and the diameter of its bafe being each 8 feet, 
and the quickfilver in the barometer ftanding at 30*9 
inches. 

Anf. at 5 fath. deep the water rifes 2*03546 feet, 


at 10 

- 

m 

3*06393 

at 15 

- 

- 

- 3*70267 

at ?.o 

- 

- 

-» 4*14658. 


PRAQ- 
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To exercifi: the 


DOCTRINE of FLUXIONS. 


Quest. r. LARGE vefiel of 10 feet high, and 
of any fhape, being kept conftantly full of water, by means 
of a fupplying cock at the top ; it is propofed to affign the 
place where a frnall hole mull be made in the fide of it, 
fo that the water may fpout through it to the greatefl 
dillance on the plane of the bafe. 

Anf. the hole in the middle fpouts fartheft. 

Qu. 2. If the fame veffel ftand on high, with its 
bottom a given height above a horizontal plane below; it 
is propofed to determine where the frnall hole muft be, 
fo as to fpout fartheft on the faid plane. 

- 'Anf. in the middle between the plane and top of 
the veffel. 


Qu. 3. But if the veffel {land on an inclined plane, 
making an angle of 30 degrees with the horizon, it is 
propofed to determine the place of the frnall hole, fo as 
.to fpout the fartheft on the faid inclined plane. 

6 i /6 

Anf.-— a below the top, the altitude of the veflel 

10 

being a. 


M 3 


Qu. 4. Re- 
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Qu. 4. Required the fize of a ball, which, being let 
fall into a conical glafs full of water, ftiall expel the molt 
water poffible from the glafs; its altitude being 6 inches, 
and diameter 5. 

Anf. the diameter of the ball 4’', inches. 

Qu. 5. It is propofed to determine the altitude and' 
diameter of a conical glafs, capable of containing a pint 
of water, fo that a heavy ball of 4 inches diameter, being 
dropt into it when full, may difplace the moll water 
pofliblc. 

Anf. the altitude 4-8450 

and diameter 5*2716 inches. 

Qy. 6. The diftance between two horizontal planes is 
1 7, and they are both cut at an angle of 30 degrees by 
an oblique plane. Query from what point in the upper 
plane a ball muft be dropped, lb that linking the inclined 
plane, and thence rebounding from it, the ball may range 
the fartheft poflible on the lower horizontal plane ; with 
the whole time the ball is in motion. 

Anf. height above point ilruck on the obi. pi. Q~E a> 

3 

the greateft range - - - - — a or 2tf, 

/ i±y 3 „ 

2 ^ i - ft 

the whole time \/ _L-p *,/ - 3 -^=4*8171 when a=s 100. 

• ib r ' £ i 6 t 1 £ 

Qu. 7. If an clallic ball be let fall from the height of 
100 feet above the plane of the bafe of a hemilphere, of 
10 feet diameter, lying upon a horizontal plane ; it is 
propofed to determine on what pait of the hemifphere the 
ball muft impinge, fo that it may thence rebound to the 
greateft diftance on the plane ; alfo to aflign the extent of 
that diftance, and the whole time in motion. 

Anf. ftrikes the hemif. at 4*0112 above the bafe, 
b^tthe greateft diftance 114*2846 without the hemifph. 
and the whole time 4*16705" in motion. 

Qu. 8. The 
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And if one of the forces, as f, be the force of gravity 
at the fur face of the earth, and be called 1, and its time 
t be = 1" \ then it is known by experiment that the cor- 
rcfponding fpace s is = 16,^ feet, and confequently its 
velocity v = 2s = 32^, which call 2 g, namely g — i6 t ~ 
feet or 193 inches. T.'hen the above four theorems, in 
this cafe, become as follows: 


5- 

r 

8 . 


tv 


~ =eft ' = w 

= 2gft=-Y = )/4-gfs . 


i = 


V 


f= 


2gf 

V 


= " = v.' 

V 


Igt 


i * 1 


if 

4 gs 


And from thefe are deduced the following four theorems, 
for variable forces, viz. 


II. In Variable Forces, 


9 - 

s 

vv 

2 if 

vt. 

10. 

m 

V 

11 

• <-» 1 

II 

2 if*' 

11. 

0 

t 

■ 

s 

V 

V 

2 if 

12. 

f 

vv 

2gs 

• 

V 

m 1 ■ • 

2gt 


In thefe four theorems, the force f, though variable, is 
fuppofed to be conftant for the indefinitely fmall time t ; 
and they are to be ufed in all cafes of variable forces, as the 
former ones in conftant forces } namely, from the qLgfWn-- 

VS^*ffances^ 
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fiances of the problem under confideration, deduce an cr- 
preflion for the value of the force f> which fubflitute in one 
of thefe theorems, which (hall be proper to the cafe in hand, 
and the equation thence refulting will determine the cor- 
refponding values of the other quantities required in the 
problem. 

Note. That the motive force 77/, of a body, is equal to 
fq y the product of the accelerative force, and the quantity of 
matter in it j and, thciefore, m will be found by fubftituting 

— for f in the theorems above. 

Q J 

Alfo the momentum, or quantity of motion, is qv, the pro¬ 
duct of the velocity and matter. 

It is alfo to be obferved, that the theorems equally hold 
good for the deftruction of motion and \elocity, by means 
of retarding forces, as for the generation of the fame by 
means of accelerating forces. 

And to the following problems, which are all rcfolved by 
the application of thefe theorems, it has been thought proper 
to fubjoin their folutions, for the better information and con¬ 
venience of the ftudent. 

The following table of the molt common and ufeful 
forms of fluxions and fluents, is infer ted, as it will be found 
very ufeful for afligning the fluents found in many of the 
following problems. 

Note. The logarithms mentioned in the fluents, are the 
hy^i^olic ones, and the radius of the circle is 1. 
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PROBLEM I. 


To determine the time and velocity of a body dcfcend- 
ing, by the force of gravity, down an inclined plane ; the 
length of the plane being 20 feet, and its height 1 foot. 


Here, by mechanics, 20 :1 :: r, the force of gravity: 
-arc; — ft the f°tce on the plane. 

Theref. bytheor. 6, v or t/4 gfs is y/4. X 16^ X X 20 
= ^4 X 16-/* = 2 X 4^ = 8-A feet, the laft velo¬ 
city per fecond, 


And, by theor. 7, t or \/— isv/— 

lj j6 


20 


v/i22. 


20 

4 -£s. 


4^6 feconds, the time of defccnding. 


PROBLEM II. 

If a cannon ball be fired with a velocity of 1000 feet per 
fecond, in the direction of, and up, a fniooth inclined plane, 
that arifes 1 foot in 20 : it is propofed to affign the length 
which it will afeend up the plane before it Hops and begins 
to return down again, and the time of its afeent. 


Here f -- -^- 0 as before. 


Then, by theor. 5, r = 




1000 “ 


60000000 

J 93 ~ 


4 gf 4 X X -l Q 


— 3108804J3- feet, or nearly 59 miles, the 


diftancc moved. 


And, by theor. t - JL = - ~~~ - = " 

^ 2 gf 2 X 16 ,v X : fS 

= 621 "^ = 10' 2 i"v*-j> the time of afeent. 


120000 


*93 


r R 0 B L E M 
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PROBIEM III. 

n a ball be projected up a fmooth inclined plane, which 
rifes I foot in io, and afcend ioo feet before it ftop: re¬ 
quired the time of afcent, and the velocity of projection. 


Firft, by theor. 6, v = V^gf* = \/ a . X i6~ t X ro X 
20 = 8~ r y , io= 25*36408 feet per fecond, the velocity. 

100 


And, by theor. 7, / = = 


Ti 


X 


Ti 


— /IO 

4 vs 


19 a 


y'lO = 7*88516 feconds, the time in motion. 


PROBLEM IV. 

If a ball be obfcrved to afcend up a fmooth inclined plane, 
100 feet in ten feconds, before it ftop, to return back again: 
required the velocity of projection, and the angle of the 
plane’s inclination. 

25 200 

Firft, by theor. 6, v = — =* — = 20 feet per fee. the 

t 10 

velocity. 

And, by theor. 8, / = _L = T °° = -ZiL. That 

gt 2 ibiV X 100 193 

is, the length of the plane is to its height, as 193 to 12. 

Therefore, 193 : 12 :: 100 : 6 2176 the height of the plane, 
or the fine of elevation to radius 100, which anfwers to 
3^ 34'> the angle of elevation of the plane. 

PROBLEM v. 

By a mean of feveral experiments, I have found that a 
caft iron ball, of 2 inches diameter, impinging perpendi¬ 
cularly on the face or end of a block of elm wood, or in the 
direction of the fibres, with a velocity of 1500 feet per fe¬ 
cond, penetrated 13 inches deep into its fubftance. It is 

propofed 
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propofed then to determine the time of the penetration, and 
the refilling force of the wood as compared to the force 
of gravity, fuppofmg that force to be a conftant quantity. 


Firft, bytheor. y, i = 3 L = = _*. . . part of 

v 1500 X 12 692 

a fecond, the time. * 

Ani'-fcV'th. 8,/= Zl = _ , i22!_' = 

4 X 16^- X \ ~ 13 X 1^3 

= 322^4. Thatpi|piihe refifting force of the wood, is 
to the force of gravity,"as 32284 to 1. -v N *» 

But this number will be different, according to t^S 
di anrster of the ball, and its denfity or fpecific gravity. 

For, fince f is as - 1 —by theor. 4, tilt denfity and fizc of 

J «.■ 

the ball remaining the Ynnie; if the denfity, or fprcific 
gravity, //, vary, and all the reft be conftant, it is evident 

nj, 

that f will be as n ; and there foie /'as —. when the fizc 

s 

of the ball onlv is conftant. But when only the diameter d 
- ■» 

varies, all the reft being conftant, the force of the blow 
will vary as d\ or as the magnitude of the ball; and the 
refifting furface, or force of refiftance, varies as d 1 ; therc- 
d' , 

fore f is as —, or as d only when all the reft axe con- 

d /7 7 ft 

ftant. Confequeritly f is as-when they are all' va¬ 

riable. 

. , . f dnv~s . s dnv^F 

And fo — - r , and - = -—; 

f DNV J S DNvy 

where f denotes the ftrength or firmnefs of the fubftance 
penetrated, and is here ftippofed to be the fame, for all 
balls and velocities, in the fame fubftance, which it is 
either accurately or nearly fo. See pa. 264 Stc. of my 
Trades, vol. 1. 

Hence, 


part of 
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VS 

Hence, taking the numbers in the problem, it is 

= ££ = A2LZL x _!I 22! = 44x_.5£2l = 86i 

* rr 39 

the value of f for elm wood. Where the fpecific gr^-' 

vity of the ball is taken 7*, which is a little lefs than 
that of folid caft iron, as it ought, on account of the 
air bubble that is caft in all balls. 



PROBLEM VI. 


To find how far a 241b ball of caft iron will penetrate 
block of found elm, when fired with a vq^fity of 
1600 feet per fccond. ■F'” 


.*» 


* 'Here, bccaufe the fubftance is the fame as'*in the laft 

problem, both of the balls and wood, n = », f — f\ 

s DV 1 dv’j S'Sf'x i6oo z 

= -7— or s = -7—r — 
s 


therefore 


x 13 


dv~ *|, 2 X 1500 1 

A ■* . 

41*-inches nearly, *he penetration inquired. ^ 




PROBLEM VII. 


It was found by Mr. Robins (vol. I pa. 273) that an 
18 pounder ball,fired with a Mjlocity of 1200 feet per fecond, 
penetrated 34 inches into’round dry oak. It is required 
then to afeertain the comparative ftrcngt^ or firmnefs of 
oak and dm. 


‘The diameter of an 18 lb ball is 5*04 inches = d. Thqgj 
by the numbers given in this problem for oak, and in prob. 

* 2 X ifloo 2 X 34 
5-04 X 1200 a X 13 


f 

v for elm, we have — = 

F 

IOO X 17 


dv z s 


D V 2 S 


IOO x 17 1700 „ , 

-•- — = --—- or = l nearly. 

5*04 X 16 X 13 1048 


From which it would feem that elm refifts-morc than 
oak, in the ratio of about 7 to 5 ; which is not probable, 
as oak is a much firmer and harder wood. But it is to 
2 be 
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be fufpe&ed that Mr. Robins’s great penetration was owing 
to the fplitting of his timber in fome degree. 


PROBLEM VIII. 

A 24 pounder ball being fired into a bank of firm earth, 
with a velocity of 1300 feet per fecond, penetrated 15 feet: 
It is required then to afcertain the comparative refiftances 
of elm and earth. 


Comparing the numbers here with thofe in prob. 5, 


. . f 

it is — = 


dv x s 


F r DV 2 i 


2 X 1500* X 15 X 12 _ I5 a X 24 
7 * 55 "x"l 3 O 0 a X 13 ~ 13* X 0*37 


= — nearly = 6’ nearly. That is, elm refills 
271 3 5 

about 6y times more than earth. 


p r o B L E M ix. 

To determine how far a leaden bullet, of 1 of an inch 
diameter, will penetrate dry elm; fuppofing it fired with a 
velocity of 1700 feet per fecond, and that the lead does not 
change its figure by the ftrokc againll the wood. 

Here d = 1 , n = liy, n =7}* Then by the 

numbers and theorem in prob. 5, it is s = P , V - ~ = 

J dnv 1 - 

i X Ilf X 1700* X 13 _ 17’ X 13 __ 63869 __ 

JTx. y l T x 1500* ~ 200 X 33 — 6600 '' T 

inches nearly, the depth of penetration. 

But as Mr. Robins found this penetration, by experi¬ 
ment, to be only 5 inches ; it follows, either that his tim¬ 
ber tnuft have refitted about twice as much ; orelfe, which 
is ver^ probable, that the defedl in his penetration arofe 
from the change of figure in the leaden ball from the 
blow againft the wood. 


PRO- 
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PROBLEM X. 

A one pound ball, projected with a velocity of 1500 
feet per lecond, having been found to penetrate 13 inches 
deep into dry elm: It is required to afeertain the time 
of palling through every fingle inch of the 13, and the 
velocity loft at each of them $ fuppofing the reliftance of 
the wood conftant or uniform. 

The velocity v being 1500 feet, or 1500 X 12 = 9000 

inches, and velocities and times being as the roots of the 

fpaccs, in conftant retarding forces, as well as in accelerating 

is 26 13 I 

ones, and t being = — —-= -—— = —— 

v 12 X 1500 9000 692 

part of a fecond, the whole time of palling through the 

13 inches ; therefore as 


N 
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t/13 : V13 — V^ 12 
vcloc. loft 


V13 -y /12 

V 13 

y/l2 — v'n 

/1 3 

11 — 1/10 

v/13 

N / I0 — Vg 

~ a /«3 

a /9 


y = 58 8 :: t : 
y = 61*4 :: t : 
64-2 &c 
67*5 

7 > = 71*4 

v = 76*0 


7 / 


y 


\/i 3 

v'8 - Vi 
V>3 

^ ~ ' /6 = 8r6 

-/13 

v'6 - ^5 


\/i 3 
\ / 5 - a /4 _ 

V13 

a /4 - a 7 3 
a /^3 

a/ 3 — a /? - 
a/*3 

^/2 - A /i 

a/ j 3 

a/1 — a/o 

V 1 3 
Sum 


y = 88-8 

983 
y = ni'4 
y = 132-3 
y = 172-3 

y = 416 o 
1500* j 


1 3 — V^ 2 

V13 

a/I2 — y^II 

V J 3 

Vn — V10 

V13 

A / I0 - K / q 
a/13 

a/9 - a/ 8 
a/13 

a/8 - a/7 
a/ 1 3 

a ^7 - a/6 

\/*3 

y/6 — a /5 

V13 

VS — a /4 

V l 3 

a /4 - a /3 
a/ j 3 

a/3 - a/^ 
a/ 1 8 

^/2 — a/i 
a/13 

a/i — y 0 

a/i3 

Sum 

0 V 2 


Time In the 
t = *00005 ift 

f = -00006 2d 

: *00006 3d 

t = *00007 4th 

t — *00007 5th 

t — *00007 6th 

/ = *00008 7th 

/ = *00008 8th 

■ t = *00009 9th 

- t = -oooii 10th 

t =- *00013 nth 

I = *00017 17 th 

t — * 00040 13 th 


or *00144 inch 


Hence, as the motion loft at the beginning is very fmall j 
and coufequently the motion communicated to any body, as 
an inch j 4 ank, in paffing through it, is very fmall alfoj we 
can conceive fuch a plank fliot through, without overfetting 
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it; and may eafily compute the height and breadth of 
fuch a plank as will juft ftand without being overfet by 
the ball in palling through it. 

PROBLEM XI. 

To determine the circumftances of fpace, penetration, 
velocity, and time, arifing from a ball moving with a 
given velocity, and linking a moveable block of wood, or 
other fubftance. 



Let the ball move in the dire£lion ae palling through 
the centre of gravity of the block b, impinging on the 
point c ; and when the block has moved through the 
fpace cd, in confequence of the blow, let the ball have 
penetrated to the depth df. 

Let b = the mafs or matter in the block, 
b = the fame in the ball, 
i = cd the fpace moved by the block, 
x = de the penetration of the ball, and theref. 

“ ir -+- x — ce the fpace deferibed by the ball, 
a = the firft velocity of the ball, 
v = the velocity of the ball at £, 
u = veloc. of the block at the fame inftant, 
t = the time of penetration, or of the motion, 
r = the refilling force of the wood. 

Then fhall be the accelerating force of the block, 

T 

and —- the retarding force of the ball. 


Now 
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Now becaufe the momentum b «, communicateJ to the 

block in the time t , is that which is loft by the ball, 

• * • 

namely — bv , therefore bw = — bv , and b u — — bv. 
But when v — u — a \ therefore, by correcting, 
B u = b(a — v) ; or the momentum of the block is 

every where equal to the momentum loft by the ball. 

And when the ball has penetrated to the utmoft depth, or 
when u — v , this becomes mi — b {a — w), or ab = 

(b b) u \ that is, the momentum before the ftroke, is 

equal to the momentum after it. And the velocity com¬ 
municated will be the fame, whatever be the refilling force 
of the block, the weight being the fame. 

a iTv s A-g f 

Again, by theor. 6, it is u 1 = —2 — and — v 1 = - X 

b b 


(r -+- a ), or rather, by correction, a 1 


— 


4 g } ’ 


(s -+■ a). 


tt i — w 1 ) — A.grs . 

Hence the penetration or x =--- . AnI 

4 S r 

when v — u, by fubftituting u for v, and for 4 grs f 

, , . , bn* - (b ■+■ /»)«* 

the greateft penetration becomes- 


and 


43 r 


this again, by writing ab fo r its value (b -+- b) k, gives 

. n . Bba* ba x 

the grealeit penetration a' = ——;-— = - X 


(i 


43 /'(»-+- b) 

). Which is barely equal to 


43 r 

__, _ when the 

B -1- b 4^ r * - — 

block is fixed, or infinitely great; and is always very 


nearly equal to the fame 
refpeCt of b. Hence 


b<r 
43 r 


when b is very great in 


aVS 


a* — u* 


a 


x — 


(b -i- by 


B 


2B b 


a o 


4 3 r 

And therefore b 
or b 


4 S r (b-h/ 0 1 43 r 

b : b -+- lb :: * : s a-. 


and s = 


b : b 

b x 


: : x : s 9 


B 


-+- b 4gr(B-¥-by‘ 


Ex. 
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Ex. When the- ball is iron, and weighs i pound, it 
penetrates elm about 13 inches when it moves with a 
velocity of 1500 feet per fecond, in which cafe, 

___ 1500* __ 9000* __ 

h ~ 4 x l6 A X 44 ~ 193 X 13 ~ 322 * 

nearly. 

When b = 500 lb, and b — 1; then u = —. = 


1500 

50i 

block. 


= 3 feet nearly per fecond, the velocity of the 


Alfo ,= B "‘ S~X 9 = »_ 

4 gr 4 X 16-.4 X 32284 4614 

■ part of a foot, or - 7 a r of an inch, which is the fpace moved 
by the block when the ball has completed its pene¬ 
tration. 


And t — 


4bi; X 3 692 

2 26 


part of a fecond. 


2s -t- ix _ 461' 


or t — 2S 2X — 12 __ 6 -t- 13 231 _ F 

v 15 00 0.231.1500 — 692 

part of a fecond, the time of penetration. 

For the circumftances relating to the motion of a block, 
hung by, and vibrating on, an axis ? when, llruck by a 
baH, lee my Tracts, pa. 116, &c, 


PROBLEM XII. 

The force of attraction, above the earth, being inverfely 
as the fquare of the diftance from the centre ; it is propofed 
to determine the time, velocity, and other circumltances, 
attending a heavy body falling from any given height; 
the defeent at the earth’s furface being i6 T ~ feet, or 193 
inches, in the firft fecond of time. 

N 3 Put 
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Put 

r = cs the radius of the earth, 
a = ca the dift. fallen from, 

.B 

x =s cp any variable diftance, 

= the velocity at p, 
r = time of falling there, and 
g = 16™, half the veloc. or force at a, 
y = the force at the point p. 

Then we have the three following equations, 

2 p'^ 1 t 

x* ; r % :: 2 g : f = — ; -— the force at p, or the velocity 

x 

per fecond that would be generated by the force there, 

tv = — x , and 

„ 25 r 2 .v 

*/•!/ = — j x = — 

4 

The fluents of the laft equation give v 2 = ——- 

But when x — a , the velocity n = O; therefore, by cor- 

^ (i ,r‘ A IT ? „ fl 

rcdlion, sA = —-—— ~ 4 £ r" X -; or -o — 

.v a 

v/Mll • x - - Y j a general expreflion for the velocity 

<? x 

at any point p. 

/- a — r 

When x = r, this gives t; = \/^gr X for 

/ 

the greateft velocity, or the velocity when the body ft 1 ikes 
the earth. 

When a is very great in rcfpcct of r, the laft velocity 

V 

becomes (1-) X \/ 4 £ r VC1 T nearly, or nearly yf 4 ,gr 

1c* 

only, which is accurately the greateft velocity by falling 
from an infinite height. And this, when r = 39^5 nailer, 
is 6*9506 miles per fecond. Alfo the velocity acquired in 
falling from the diftance of the fun, or 12000 diame¬ 
ters of the earth, is 6*9505 miles per fecond. And the 
velocity acquired in falling from the diftance of the nlooa, 
or 30 diameters, is 6*8924 miles per fecond. 



Again, 
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1*3 


Again, to find the time, fince tv — — therefore 


• — x / a 

t = - = v /_ 


xx 


V 


4 K r 


ax — xx 


; the corre£t fluent 


of which ffives t = 1/ X (v/^* arc to di- 

4 iT r 

ameter a and vers, a — at) ; or the time of falling to any 
point p = —x (ab -f- bp). And when a- = r, 

2 g 

this becomes t — —4/ — X -——* for the whole 

2 ^ sc 

time of falling to the furface at s ; which is evidently in¬ 
finite when a or AC is infinite, although the velocity is 
then only the finite quantity \Z"\gr. 

When the height above the earth’s furface is given = g ; 
becaufe r is then nearly = a , and ad nearly = ds, the 

V 

time t for the diftance g will be nearly k/ -j X 2DS 

6 7 v ArZr % 



X vA gr = 


1", as it ought to be. 


If a body at the diftance of the moon at a fall to the 
earth’s furface at s. Then r = 3965 miles, a = 60r, 
and t = 416806" = 4da. 19I1. 46' 46", the time of falling 
from the moon to the earth. 


When the attra&ing body is confidered as a point c 5 

whole time of defcending to c will be 

1 ,a *7854* ,a 

— X ABDC = - </- • 

%r g r g 


N + 


P R 0*4* 
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PROBLEM XIII. 


The force of attraction below the earth’s furface being 
direCtly as the diftance from the center j it is propofed to 
determine the circumftances of velocity, time, and fpace 
fallen by a heavy body from the furface, through a per¬ 
foration made ftraight to the centre of the earth ; abltraCt- 
ing from the effect of the earth’s rotation, and fuppofing it 
to be a homogeneous fphere of 3965 miles radius. 


\ 


r 


/ 


Put r = AC the radius of the earth, 
x — cp the diftance fallen, 
v = the velocity at p, 
t = the time there, 

g = i6 t V, half the force at a, \ 

f — the force at p. ji 

Then ca : cp :: 1g : and the three 

• • • • 

equations are rf = 2gx, and vv =. — fx , and tv = — *• 

*2 rf m , , & X X 

Hence f = —-—, and vv — - ; the correct fluent of 


\ 


r l — x i 


r 


= PDv"— = PDv/-- 


which gives v — y/2. g X 

the velocity at the point p; where pd and'CE are per¬ 
pendicular to ca. So that die velocity at any point p, is 
as the perpendicular pd at that point. 


When the body arrives at c, then v =\f2gr — 
\/— 25950 feet or 4*9148 miles per fecond, which 
is the greateft velocity, or that at the centre c. 

m m 

• — x T — X 

Again, for the time, t = - — V — X .- "T ~> 

& v 2g vV — 

V x 

and the fluents give t =- y/— X arc to cofine — = 

" 2g r 

+/-L- x arc ad. So that the time of defeent to any 
V 2gr 

point p, is as the correfponding arc ad. 


When 
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When p arrives at c, the above becomes t = k/ - 

2 gr 

X quadrant ae = — \/ — = i* 57 o 8 v/— = 12674 

ac v 2^ ' 2£ 

feconds = 21' 7"!, for the time of falling to the cen¬ 
tre c. 

The time of falling to the centre is the fame quantity 

Y 

1*5708^ ——, from whatever point in the radius ac the 

body begins to move. For let n be any given diftance 
from c at which the motion commences : then,by corre&ion, 


*2P • r — x 

v = k/ — («* — at 4 ) ; and hence t — — x — - - * 

r 2 S \Z n% — X 1 

• T 

the fluents of which give t = */— x arc to cofine 

2 g 

X 1* 

—; which, when x = o, gives t — \/ — X quadrant = 
n ig ^ 

Y 

**57o8\/ r — for the time of defcent to the centre c. 

2 g 


As an equal force, a&ing in contrary diredlions, gene¬ 
rates or deftroys an equal quantity of motion, in the 
fame time; it follows that, after palling the centre, the body 
will juft afcend to the oppofite furface at b, in the fame 
time in which it fell to the centre from a ; then from b 
it will return again in the fame manner, through c to a ; 
‘and fo vibrate continually between a and b, the velocity 
being always equal at equal diftances from c on both 
lides ; and the whole time of a double ofcillation, or of 
palling from a and arriving at a again, will be quadruple 
the time of palling over the radius ac, or = 

Y 

.2 X 3*1416^— = i h 24'29 /r . 


PRO* 
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PROBLEM XIV. 

To find the Time of a Pendulum vibrating in the Arc 

of a Cycloid. 


s 



Let s be the point of fufpcnfion, 

sa = the arc sb or sc the length of the pendulum, 
ca = ab = sb or sc the femi-cycloid, 
ad = ds the diameter of its generating circle, to 
which fke, hig are perpendiculars. 

To any point g draw the tangent gp, alfo draw g (^parallel . 
and p<L perpendicular to ad. Then pg is parallel to the 
chord ai by the nature of the curve. And, by the nature 
of forces, the force of gravity : force in direct, gp :: gp : 
gqj : ai : ah :: ad : ai ; in like manner, the force of 
|jrav.: force in curve at e : : ad : ak ; that is, the acce-»- 
Iterative force in the curve, is as the correfponding chord 
ai or ak of the circle, or as the arc ag or ae of the 
cycloid, fince ag is always = 2 ai. So that the pro- 
cefs and conclufions for the velocity and time of deferibing 
any arc in this cafe, will be the fame as in the laft 
pfoblem. 

From whence it follows that the time of a femi-vibra- 
fifli; in all arcs, ag, ae, &c, is the fame conftant quan¬ 
tity 
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tity 1-5708^ = 1-5708^ = 1-5708^, and the 

time of a whole vibration from b to c, or from c to b, 

is 3*1416,/—, where / = as = ab is the length of 

the pendulum, g = 16 ^ feet or 193 inches, and 3*1416 
the circumference of a circle whofe diameter is I- 


Sincc the time of a body’s falling by gravity through 

3 /, or half the length of the pendulum, is J —, which 

A 43 V 2 g 

, 1 

being in proportion to 3*1416/;—, as 1 10 3*1416 ; there- 

2 if 

fore the diameter of a circle is to its circumference, as 
, j&e time of falling through half the length of a pendu¬ 
lum, to the time of one vibration. 

If the time of the whole vibration be 1 fecond, this 

/ 2 ^ 

equation arifes, i" = yi^i6 \/—, and hence / = —— 

3 ^ 4 ^ 

= —“ and S = 3 'H 1 ^ X V - 4*9348/. So that 

* if one of thefe, g or /, be given by experiment, thefe 
equations will give the other. When g y for inftance, is 
fuppofed to be i6/ a - feet, or 193 inches, then is / = 

<r 

4*9348 = 39* 11 ^ ie length of a pendulum to vibrate 

fecopds. Or if / = 39’-, the length of the feconds pen¬ 
dulum for the latitude of London, then is £ = 4*9348 / 
= 193*07 inches = 16 feet, or nearly 16-/3-feet, for 
the fpacc defeended by gravity in the firft fecond of 
time in the latitude of London. 

Hence the times of vibration of pendulums, are as the 
fquare roots of their lengths j and the number of vibra¬ 
tions made in a given time, reciprocally as the fquare roots 
of the lengths. And hence the length of a pendulum 

vi~ 
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vibrating n times in a minute, or 60", is / =3 39* X 
6o x _ 140850 

21 * nn 

When a pendulum vibrates in a circular arc, as the 
length of the firing is conftantly the fame, the time of 
vibration will be longer than in a cycloid 5 but the two 
times will approach nearer together as the circular arc is 
fmaller; fo that when it is very fmall, the times of vi¬ 
bration will be nearly equal. And hence 398 inches is the 
length of a pendulum vibrating feconds in the very fmall 
arc of a circle. 


problem xv. 


To find the Velocity and Time of a Heavy Body de¬ 
fending down the Arc of a Circle, or vibrating in the 
Arc by a Line fixed in the Centre. 


Let d be the beginning of the de- 
feent, c the centre, and A the I oweft 
point of the circle j draw de and p<^ v t 1 . , .. 
perpendicular to ac. Then the ve- V ^ r 

locity in P being the fame as in Q^by A 

falling through eq^, it will be v = 

2 </g X e<^= 2 Jg (a~— x), when a = ae, x = 
and g = i6 t ^. 


• * ~ A P • 

But the fluxion of the time t is = -, and ap = 

v 

* 

T X 

where r = the radius ac. Therefore 
• 

r — x d 

t — —7- X — — , - _ — - - —— x 

2 VS a/ 2 rx — x % X */a —x 4 j/g 

_ ‘j where d = 2r the diameter. 

*Jax —' X </d — x 


Or 
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— x 


X 

2 d 


i- 3 * z 
2. 4 eP 


_ ■ t* - ^ 

Or t = -V— X “==(i - 

^ a/ ax — AT 1 

&c) . 

2. 4. 6^ 3 

1 % 

2 

But the fluent of — — is — X arc to rad. ~a 

*/ax — x x a 

and vers. #, or it is the arc whofe rad. is 1 and vers. 

2 *v • 

— : which call a. And let the fluents of the fucceeding 
a 

terms, without the coefficients, be b, c, d, e, &c. Then 
will the fluxion of any one, as at n diftance from 
A, be x n A = x p, which fuppofe alfo = the fluxion 
of b p — dx n ~* a/ ax — x z = bp d*n — 1 • xx 1, ~ x a/ ax — x 


• ~ax — x % 

dxx n ~ z X 


--bp - dx X 
a/ a x — x 


n 


-l •ax ”'' 1 — nx 


Jax — x 


— b p —■ d»n — p 


dnx p. 


Hence, by equating the coefficients of the like terms. 


j _ 1 . — 1 , 2 

a — — ; b — - a ; and Q — - 

K 2 » ^ 


« — x . a P — 2 Jf"" 1 \/— A* 
a a 


Which being fubftituted, the fluential terms become 

2^/ax — A- a _ 1*3 


W — X 

g 


( - a _ 


<7 A 


2 d 


3<7B — 2 x^/ax — AT 

• • 4 

— &c). 


2 

i-3*5 


2 • 4<^ z 
5#C — 2 x z y/ax — x 7 " 


2*4* 6<^ 3 6 

But when ,*• = <7, thofe terms become barely 


1 z a 


l l . 3 a a * 


i a . 3*. 5 a <2 3 


3*1416 , d ^ f 

4~^T X ~ 1 ~ 2V ~ 2 2 . 4* d z ' 2\4*. 6 x d * 

&c); which being fubtraffced, and x taken = o, there 
arifes for the whole time of defcending down da, or the 

,= 3 -^-V 4 x 0 • • 


corrected value of 


i a . 3 z a x i*. 3*. 5* a 3 

2 *. 4 1 <f 1 2 a . 4 1 - 6*<f 3 



When 
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When the arc is fmall, as in the vibration of the pen¬ 
dulum of a clock, all the terms of the ferics may be 
omitted after the fecond, and then the time of a vibration 

t is nearly = 1-5708-/— X(i+r)- And therefore 

2 g Sr 

the times of vibration of a pendulum, in different arcs, 
are as Sr *+■ <7, or 8 times the radius added to the verfed 
fine of the arc. 


If d be the degrees of the pendulum’s vibration, on 
each fide of the loweft point of the fmall arc, the radius 
being r, the diameter d, and 3-1416 = p ; then is the 

py d 

length of that arc a = — . But the verfed fine in 

180 


terms of the arc is a = 


A 

2 r 


3 d * 


&c. 


24;^ 

Therefore — 

d d L 


p* D + 


&c, or only = 


p z D : 


- -+- &CC — —— — 

a 

A* p* D 1 

—r -4- &C = --- 

34+ 36O a 


the firft term, bv re- 

' J 


360* ■> v 360^ 

je&ing all the reft of the terms on account of their 


This value*' 


fmallnefs, or a ' = — nearly = —. 

d 2 r 12787 

then being fubftituted for —- or a in the laft near value 

d ir 


of the time, it becomes t = 1*5708*/— X (1 h-) 

» Jt v 2 g v 51150' 

nearly. And therefore the times of vibration in ‘ dif¬ 
ferent fmall arcs, are as 5*150-1- or as 51150 added 
to the fquare of the number of degrees in the arc. 


Hence it follows that the time loft in each fecond, 

B 1 

by vibrating in a circle, inftead of the cycloid, is - 

5 11 

and confequently the time loft in a whole day of 24 
hours, or 20 X 60 X 60 feconds, is *. d* nearly. In 
like manner, the feconds loft per day t>y vibrating in the arc 
of A degrees, is {A 1 , Therefore, if the pendulum keep 
a true 
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true time in one of thefe arcs, the feconds loll or gained 
per day, by vibrating in the other, will be (d* — A a ). 
So, for example, if a pendulum meafure true time in an 
arc of 3 degrees, it will lofe n|. feconds a day by vi¬ 
brating 4 degrees; and 26^ feconds a day by vibrating 
5 degrees ; and fo on. 

And in like manner, we might proceed for any other 
curve, as the ellipfe, hyperbola, parabola, &c. 

PROBLEM XVI. 

To determine the Time of a Body defcending down the 

Chord of a Circle. 

Let c be the centre, ab the vertical 
diameter, ap any chord down which a 
body is to defeend from p to a, and pq^ 
perpendicular to ab. Now as the na¬ 
tural force of gravity in the vertical di- 
re£tion ba, is to the force urging the 
v body down the plane pa, as the length 
of the plane ap, is to its height aqj therefore the ve¬ 
locity in pa and q^a, will be equal at all equal perpendi¬ 
cular diftances below pq^; and confequently the 
, time in pa : time in qa :: pa : qa :: ba : pa ; but 
time in ba : time in qa :: ^/ba : */qa :: ba : pa ; 
hence, as three of the terms in each proportion are the 
fame, the fourth terms muft be equal, namely the time 
in ba = the time pa. 

. And in like manner the time in bp = the time in ba. 
So that, in general, the tiroes of defcending down all the 
chords ba, bp, BR, bs, &c, or pa, ra, sa, &c, are all 
equal, and each equal to the time of falling freely through 

the 
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2 . 7 * 

the diameter. Which time is */—, where g = 16-^ fccC 7 

& 

2 r 

and r = the radius ac ; for >/g : r :: 1" : */—. 


Scholium. By comparing this with the refults of the 
two preceding problems, it will appear that the times in 
the cycloid, and in the arc of a circle, and in any chord of 

the circle, are refpc&ively as the three quantities 

a 


&c, and 


■7854 


a 

or nearly as the three quantities i, 1 ■+■ —, 1*27324; 

the firft and laft being conftant, but the middle 
one, or the time in the circle, varying with the cxtenf 
of the arc of vibration. Alfo the time in the cycloid 
is the leaft, but in the chord the greateft; for the 
grcateft value of the feries, in prob. 15, when a = r, or 
the arc ad is a quadrant, is 1*18014 ; and in that cafe the 
proportion of the three times is as the numbers 1, 1*18014, 
1*27324. Moreover the time in the circle approaches to 
that in the cycloid, as the arc decreafes, and they are very , 
nearly equal when that arc is very fmall. 


PRO- 
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PROBLEM XVII. 

To find the Time and Velocity of a Chain, confifting 
of very fmall links, defcending from a fmooth hori¬ 
zontal plane} the Chain being 100 inches long, and 
i Inch of it hanging off the Plane at the Commence-* 
ment of Motion. 


Put <7=1 inch, the length at the beginning; 
/ = ioo the whole length of the chain; 
x = any variable length off the plane. 

Then x is the motive force to move the body, 


and -j = / the accelerative force. 


2gxx 


Hence vv = 2gfs = 2g X — X x = -—- 

2 gx* 


The fluents give v % = 


/ 


But v = o when 


x = a, therefore, by corre&ion, v % = 2g X 


x % — a % 


and v = J2g x . the velocity for any length 

x. And when the chain juft quits the plain, x = /, 

r /* — a 7, 

and then the greateft velocity is */2g X . . = 

» 

/- 


/ 


^2 X 193 X 


IOO 1 — I* 


= / 


386 x 9999 


IOO ' IOO 

inches, or 16*371585 feet, perfecond, 

. • 

/ 


= 196*4590^ 


Again t or — = J — x , ===z= ; the correct fluent 
v v 2g Vx* - a 1 - 


of which is f = X log. * the time 

2 g 5 a 

for any length *• And when x = / = 100, it is * a* 

O 
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1/ i22~ x log. 100 / . 2P2? . = 2*69676 feconds, 

386 1 

the time when the laft of the chain juft quits the 
plane. 


PROBLEM XVIII. 

To find the Time and Velocity of a Chain, of very fmall 
Links, quitting a Pulley, by pafling freely over it: the 
whole Length being 200 Inches, and the one End 
hanging 2 Inches below the other at the Beginning. 


Put a = 2, / = 200, and x = bd any variable 
difference of the two parts ab, ac. 

X • • X • tr X X 

Then-y* *= f t and vv or 2 gfs — 2£*—= — j -• 


Hence the correct fluent is v z — g X 


x z — a z 


l 


, and 


v = ^g x -—the general expreflion of the 

velocity. And when x = /, or c arrives at a, it is 

3 -r* 


v = j/g X 


✓— 7 ~ 1 ? 


l 




200" 


200 


= v/3 86 


ioo a - i* 286 X 9999 , . , 

X —-- = J- - 2 Z_ = 106*45902 inches, or 

200 100 7 7 

16*371585 feet, for the greateft velocity when the chain ^ 

juft quits the pulley. 


A * ' 5 * , f X 

Again, t or —r = —* = J — X —7 — 

v 2v 4.g vV - a z 


And 


/ X -f* ■*■** <0* 

the correft fluent is t =.* ./— x log.-, 

the general expreflion for the time. And w hen jc = 4 

it bccom^t -X log- 

xiog. 
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X log. 


200 


4 / 200 ^ 


IOO . 100 

13 ^p6 X ‘ 


v"9999 


2 ’ 38O I 

= 2*69676 feconds, the whole time when the chain juft 

quits the pulley. 


So that the velocity and time at quitting the pulley in 
this prob. and the plane in the Iaft prob. are the fame; 
the dtftance descended 99 being the fame in both. For, 
although the weight l moved in this latter cafe, be double 
of what it was in the former, the moving force x is alfo 
double, becaufe here the one end of the chain (hortens as 
much as the other end lengthens, fo that the fpace de¬ 
fended Lx is doubled, and becomes x ; and hence the ac- 

X 

celerative force — or / is the fame in both } and of courfe 

the velocity and time the fame for the feme diftance de¬ 
fended. 


problem xix. 

To find the Number of Vibrations made by two Weights, 
connected by a very fine Thread, paffing freely over a 
Tack or a Pulley, while the lets Weight is drawn up 
to it by the Defcent of the heavier Weight at the other 
End. 

* Suppofe the motion to commence at equal 
diftanees below the pulley at b 5 and that the 
weights are i and 2 pounds. 

Put a =5 ab, half the length of the thread $ 
b = 39i inc. or 3^ feet, the fecond’s pend. 
x = bw = bw, any fpace palled over $ 

% = the number of vibrations; 

Then ^ is the accelerating force. And 

O 2 hence 



U 
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• X X 

hence v or Vlif* =■ Viifx, and /or — = ———• 

_ v Vwf x 

But, by the nature of pendulums, 1/a db x : Vb :: 1 vibr.: 

^— the vibrations per fecond made by either weight, 

namely, the longer or fhorter, according as the upper or 
under fign is ufed, if the threads were to continue of that 
length for 1 fecond. Hence, then, as 

• 

„ • , b • • , b . b x 

l - t :: ———: z = t V — r — = V -> X ", - ~ T i 

v a dz x y a -±- x \gf Vaxdtx* 

the fluxion of the number of vibrations. 


Now when the upper fign -+- takes place, the fluent is 

b . Vx -+-*/« ■+■ x . b 

z = I*/—- c X log.-- 


a 


A’f _ 

2.x *+- 2 Vox 


Vo 

And when x 


= V-~- r X log. 
4 if 


then becomes % 


log. 1 -+- = v 7 


v/—: X log. I -+- \/2 

oj 


a> the fame 
$b 

= v'— X 

F rr 


liZl 

[ 93 


X log. 1 y'a 5= *688511, 


the whole number of vibrations made by the defcending 
weight. 


But when the lower fign, or —, takes place, the fluent 
is /—~ x arc to rad. I and vers. —. Which, when 

4 if <* 

x sss a, gives lpV~-? — 3*1416 X v ^ * ;!- *-■* = 

if 4 x 193 

ft x a /* 1 - -= 1*227091, the whole number of 

2 193 

vibrations made by the letter or afeending weight. 

5 c fisf. It is evident that the whole number of vi- 
is, in Caclj xafe, is the fame, whatever the length 
1: of 

... . , tV. 

'fitful 

A* 



i 
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of the thread is, And that the greater number is to the 
lefs> as 1*5708 to hyp. log. 1 -4- 1/2. 


Farther, the number of vibrations performexf in the feme 
time f, by an invariable pendulum, conftantly of the fame 

length a y is = *781190. For the time of de- 


fcending the fpace a y or the fluent of t = 




, when 


x as a y is t = And, by the nature of pendu- 

^ £ 

lums, ja : :: 1 vibr. : • the number of vibra- 

tions performed in 1 fecond ; hence 1" : f :: y'' — : r*/— 

r a a 

£ * 

= a/ —7, the conftant number of vibrations* 

s) 


% 

So that the three numbers of vibrations, namely, of the 
afcending, conftant, and defcending pendulums, are pro¬ 
portional to the numbers j-5708, 1, and hyp. log. 1 -4- 
or as 1*5708, 1, and *881375 whatever be the length 
pf the thread. 


O 3 
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PROBLEM XX. 

To determine the Circumftances of the Afcent and 
Defcent of two unequal Weights, fufpended at the two 
Ends of a Thread palling over a Pulley : the Weight of 
the Thread and of the Pulley being considered in the 
Solution. Let 


l = the whole length of the thread; 
a = the weight of the fame; 
b = aw the dif. of lengths at firft 5 
d = w — w the dif. of the two weights ; 
c — a wt. applied to the circumference, 
fucji as to be equal to its whole wt. 
and fridlion reduced to the circum- 
feren.e; 

j = w-+-w-4-<2-+- c the fum of the 
weights moved. 





&b 42 b 

Then the weight of b is -7-, and d --is the mov- 

I l 


ing force at firft. But if x denote any variable fpace de¬ 
fended by w, or afeended by w, the difference of the 

lengths of the thread will be altered 2 x ; fo that the dif- 

t ^ ^ x 

ference will then be b — 2 x, and its weight y ■ a j 

* * 

2 tff 

confequently the motive force there will be d — - - - a 


dl — ab -¥■ 2ax , r dl — ab 

-, and theref. 


2 ax 


^ , ».«• «.v.».. . . - — y the 

accelerating force there. Hence then vv = 2gfx = 


X 


« = 4 g 


dl — ab -+- 2 ax 


the fluents of which give 

H 
si 


dl — ab - 4 - 2 ax Mfr 

-t—TT -> or w 5:3 *vA x 


the 
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the general expreffion for the velocity, putting e a s 
dir a h w jj en x = b 9 or w becomes as far be¬ 


a 


low w as it was above it at the beginning, it is barely 

v rs for the velocity at that time. Alfo, when 

s 

a, the weight of the thread, is nothing, the velocity is 

i <*gx . . 

only 2^"^*, as it ought. 


± • x x 

Again, for the time, / or — = •iy' — X .-- — * 

the fluents of which give t = a/— X log. J 

<*g */e 

the general expreflion for the time of defcending any 
/pace x. 


And if the radicals be expanded in a feries, and the 

log. of it be taken, the fame time will become 
sx dl , x 2x % 

* = ^37 x ‘ / JT=Tb x (I “ Te * — 


40 ^ 


&c) Which, 


sx 


therefore, becomes barely ^ — when a, the weight of the 
, dg 

thread, is nothing 5 as it ought. 


04 
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PROBLEM XXI. 

* 

To find the Velocity and Time of Vibration of a final! 
Weight, fixed to the middle of a Line, 01* fine Thread 
void of Gravity, and flretched by a given Tenfions 
the Extent of the Vibration being very final!. 



Let / = Ac half the length of the thread $ 
a = CD the extent of the vibration ; 
x = CR any variable diftance from c ; 
w — wt. of the fmall body fixed to the middle ; 
w = a wt. which, hung at each end of the thread, 
will be equal to the conftant tenfion at each 
end, ailing in the dire&ion of the thread. 

Now, by the nature of forces, ae : ce :: w the force 
in dire&ion ea : the force in direction EC. Or, becaufe 

AC is nearly = ae, the vibration being very fmail; 

wx 

taking ac inftead of ae, it is ac : ce ;; w : -j the fo*ce 

in ec arifing from the tenfion in ea. Which will be 

alfo the fame for that in eb. Therefore the fum* is 
2, w X 

-—j — = the whole motive force in ec arifing from the 

2 W X 

tenfions on both Tides. Confequently .. = f the ac¬ 

celerative force there. Hence the equation of the fluxions 

'r* u m 

1 $ 
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. * 

isv'y or 2 gfs 


SZJ£™** . . i and the fluents v % =* 
Itv 

A.FWX* _ ,. a,# wd* 

But when x =s a* this is — ■ , an! 

iw kv 


Should be = o; therefore the correct fluents are v % ssc 

a % —. x 1 f' '' a* — x* 

4£ w x —--, and v aa= v^lTW X '— - -■ the 

iw Iw 

velocity of the little body w at any point e. And wheat 

g w 

x = o, it is v =5 %a^/ for the greateft velocity aft 

t tv 

the point c. 

Now it we fuppofe w = i grain, w = 5 lb troy, or 

28800 grains, and 2/ r= ab = 3 feet; the velocity c 
, 8 X i6/ r x 28800 

becomes a<J -—-—— =. 11 ilia. So that 

3 T 

it a — T \ me. the greateft veloc. is 9 * ft. per fee. 
if a — 1 inc. the greateft veloc. is 92*4 ft. per fee. 
if a =-- 6 inc. the greateft veloc. is 555 / 0 ft per fee. 

To find the time t y it is t or —as x 


v 




wl 


Hence the correct fluent is t = \J-~ X arc to cofine 

Wg 

X 

*— and radius 1, the time in de. And when x = o, the 
a 7 

whole time in dc, or of half a vibration, is *7854^/ 3 

and eonfequently the time of a whole vibration through 

lad is 1 *5708y^j. 

* 

Uling the foregoing numbett, namely w - i, w = 
28800, and 2 / = 3 feet 5 this expreflion for the time Is 
imf 

3*1416 ~ 353v> number of vibrations per fecond. 

But if w as 2, there would be 250 vibrations per fecond 3 
and if w zz 100, there would be 35.^4 vibrations per fe¬ 
cond. 


no- 
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PROBLEM XXII, 

To determine the fame as in the laft Problem, when the 
Diftance cd bears fome fenfible Proportion to the 
Length AB; the Tenfion of the Thread however being 
ftill fuppofed a Conftant Quantity, 


Ullng here the fame notation as in the laft problem, and 
taking the true variable length ae for ac, it is ae or 


eb : ce :: 2W : 


2WX 


2 WAT 


the whole motive force 


from the two equal tenfions w in ae and eb j and there¬ 
fore X — ■■■ — = f is the accelerative force at e. 

w 4/p ' J 


Therefore the fluxional equation is vv or igfs = 


4 w i r x - ** 


and the fluents v * 


8 wg 


P x 1 . Eut when x = <7, thefe are o = 


8w g 


**• 4//* *4- a % 3 therefore the correct fluents are v* = 


8 w g 


X (y7 -ha z — -4- x i ) 


8 w g 


X (ad — ae). And 


hence v — \/ X (ad — ae) the general expref- 
fion for the velocity at e. And when e arrives at^c, it 

gives the greateft velocity there = 4/ X (ad — ac). 

cc/ « 

Which, 


0 Wg 
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Which, when w = 28800, w = 1, 2/ =* 3 feet, and 

/" _ 7~ J to— 3 

CD= 6 inches or f a foot,is -/B * 28800 X 16-^ X--- 

= 548-^- feet per fecond. Which came out 555 i^r ^ 
the laft problem, by ufing always ac for ae in the 
value of/. But when the extent of the vibrations is very 
final!, as T V of an inch, ’as it commonly is, this greateft’ 
velocity here will be X 28800 X 16^ X = 

gf nearly, which in the laft problem was 9*. 

— x w 

To find the time, it is t or --- - X 

7 v 8 w g 

"■v-"—__ making; c = ad = V 7 2 h- a 1 .—To find 

the fluent the eafier, multiply the numerator and denomi¬ 


nator both by + yT ■+• x\ fo fhall t = V 
= X 


w 


x‘ 


*Ja 3 


8 w g 

Expand now the quan- 




tity \/c ■+• t/l* *4“ x % in a feries, and put d = c h- /, fo 

„ „ • ivd , x % 2d ■+• / 

lhall t = V-- X (I -+■ — -yrr 

v 8 w^ v 4 <// 32^/3 

2*7 40 -4- 8 d*l -H 12dl 1. 


X 4 


4</ 1 


1.28^/* 

Now the fluent of the firft term 


2048 </ + / 7 
# 

x 


W — 




is =r the 




arc to fine — and radius t, which arc call a ; and let 
a 

p, qjje the fluents of any other two fuoceflive terms, with¬ 
out the coefficients, the diftance of from the firft term 

a being »j then it is evident that 5= **p =a x 3 -* a, 
and p ss x a "' 4 A. Aflurae therefore q^= — ex**” 1 : 

s/a* — x % i then is Q^or x*P*=* hi* — a« ~ t»ex*" m *x 
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ft©4 


j/a % — x % -+* 


yV — * 
(2« — i} eAr 2 *# 


ex 2H x • ( 2 » —* I) ea*x ,H ~ 2 x 


ex 1 ”# 


t/a* — x a 

ip —. (2» — l) ftf* p 

‘ yV - ** - *“ 

* • * • 

-4- (2« — l) ex % Y *4- eAr*P = ip — (2« —l) -t- 

2»***p. Then, comparing the coefficients of the like 
terms, we find 1 = 2and b = (2 n — 1 ) ea x \ from 


which are obtained e — —, and b 

2n 


2 n 


2 n 


a \ Con- . 


fequently<3j= 


(m — i) a 1 P — 


, ifl-t 


t/a — v z 


2 n 


, the gene¬ 


ral equation between any two fuceeffive terms, and by 
means of which the feries may be continued as far as we 
pteafe. And hence, negle&ing the coefficients, putting 

X 

A = the firll term, namely the arc whofe fine is —, and 
B, c, D, &c, the following terms, the ferie<- is as follows, 
a 9 a — */xa x — x x 3<7 2 b — — x‘ 


A *4- 


5« , c — x s K fa % — x* 


&c. Now when x = o, this feries 


= Oj and when *■ = <?, the feries becomes \p •+* 


fl* A 
2 


3 " B 

4 


5* c 


&c, where p = 3*1416, or the fe¬ 


ries is 4 /* ( 1 




1*3 






ff 6 &c.) 


2*4 2*4*6 

So that, by taking in the coefficients, the general time 

of paffing over any diftance de will be */ W * 

-liZl.Ua'kb, 

32 tN 3 2*4 




I a*A—*jJa 2 

wi+mm ■ ■ n 

4^ 


A* — X 3 */# 1 r Af 3 

32^3* 4 ' 


&c. 


And 
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And hence, taking x = 0, and doubling) the time of 
a whole vibration, or double the time of palling over cd 

will be equal to ip x(h— \a % — 

n 2W g v 4 dl 


7 .d -+- / 


lZL a * 


- 4 - i d I -f- /* 1 *3*5 
nBd 3 /* 2*4*6 a 


32 d* l 1 2.4 

W’ -K W+niP + g _ 1-3.-.W , &c0 Whieh> 
^/? 2 * 4 * 6*8 7 


2048^*/’ 


wl 


when tf = o, or c = /, becomes only \p</~* the fame 
, as in the laft problem, as it ought. 


Taking here the fame numbers as in the laft problem, 
viz. I — a =z l %> w = 2, w = 28800, £ as i6 t ~ » 

then — *0040514, and the feries is 

1 -+> *006762 — *000175 ■+■ *000003 &c = 1*0065905 


therefore *0040514 x 1*006590 = *0040965 = . t 

2 +5t 

is the time of one whole vibration, and confequently 
245 1 vibrations are performed in a fecond: which were 
250 in the laft problem. 
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* PROBLEM XXIII. 

It is propofed to determine the Velocity, and the Time 
of Vibration, of a Fluid in the Arms of a Canal or 
bent Tube. 


Let the tube abcdef have its two 
branches ac, ge vertical, and the 
lower part cde in any pofition what¬ 
ever, the whole being of a uniform 
diameter or width throughout. Let 
water, or quickfilver, or any other 
fluid, be poured in, till it Hand in 
equilibrio, at any horizontal line bf. Then let one 
furface be prefled or pufhed down by Ihaking, from b to 
c, and the other will afeend through the equal Ipace fg j 
after which let them be permitted freely to return. The 
fmfaces will then continually vibrate in equal times be¬ 
tween ac and eg. The velocity and times of which of- 
ciflations are therefore required. 




p 

> 

iT- 


r m 

t- 

b- 






When the furfaces are any where out of a horizontal 
line, as at p and <v, the parts of the fluid in qdr, on each 
fide, below qr, will balance each other » and the weight 
of the part in pr, which is equal to 2 PF, gives motion * 
to the whole So that the weight of the part 2 PF is the 
motive force by which the whole fluid is urged, and there - 
Wt. of 2PF 


fore 


is the accelerative force. Which 


whole 

•weights being proportional to their lengths, if / be the 
length of the whole fluids or axis of the tube filled, and 


0 or 

ting ifcherdfo; 


A a 

then is the accelerative force. Put- 

= GP any variable diftance, v the 

v 1 Velocity, 
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* 

velocity, and t the time; then FF ss a —- x % and 

2^ M 2 X 4 * 

= / the accelerative force i hence w or 2j/f 

/ 

Ag < * 4 p* 

= (ax — tf*) j the fluents of which give v* as *~ 

^ jfljf jp* 

— #*), and v = X -^- is the general 

expreflion for the velocity at any term. And when x =± a, 

CT 

it becomes v = 2 a for the greateft velocity at sand f. 


• s l 

Again, for the time, we have t or — = £'*/— X 
° ' ® f 

X l 

.. - ■ ; the fluents of which give t = 4-a/— X 

•V 

arc to verfed fine — and radius r, the general expref- 

a 

fion for the time. And when x = a y it becomes t = £p 
i / — for the time of moving from g to F, p being 

= 3*1416 j and confequently 4 /V""" the time of a whole 

g 

vibration from g to e, or from c to a. And which 
therefore is the fame, whatever ab is, the whole length / 
remaining the fame. 


And the time of vibration is alfo equal to the time of 
•the vibration of a pendulum whofe length is f/, or half 
the length of the axis of the fluid. So that if the length 
/ be 78 £ inches, it will ofcillate in 1 fecond. 


ScHot. This reciprocation of the water in the canal, 
is nearly fimilar to the motion of the waves of the fea. 
For the time of vibration is the fame, however fhort the 
branches are, provided the whole length be the fame* So 
that when the height is fmall, in proportion to the length 

of 
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of the canal, the motion is fimilar to that of a wave, 
from the top to the bottom or hollow, and from the bottom 
to the top of the next wave; being equal to two vibra¬ 
tions ot the canal j thes whole length of a wave, from top 
to top, being double the length of the canal. Hence the 
wave will move forward by a fpace nearly equal to its 
breadth, in the time of two vibrations of a pendulum whofe 
length is (’ /) halt the length of the canal, or one fourth 
of the breadth of a wave, or in the time of one vibration 
of a pendulum whole length is the whole breadth of the 
wave, ‘'tier th' un es of oration are as the fquare roots 
of then .1 i; i . v i n! qu utly, waves whofe breadth is 
equal to » * , , or 3^ * .eet, will move over 3^ feet in 
a fee oitd < , ,9,3. lea in a minute, or nearly a miles and 
a qtnuit* m an hour, ^rid the velocity of greater or lefs 
wau.' iv 1 1 ba increafed or diminiflied in the fubduplicate 
ratio oi their breadths. 


PROBLEM XXIV, 

To determine the Time of filling the Ditches of a Work 
y wtih Water at the Top, by a Sluice of 2 Feet fquare; 
the Head of Water above the Sluice being 10 Feet, and 
the Dimennons of the Ditch being 20 Feet wide at 
Bottom, 22 at Top, 9 deep, and 1OO0 Feet long. 


The capacity of the ditch is 189000 cubic feet. . 

But t/g : a/io •*- 2^ : 2^10# the velocity of the wa¬ 
fer through the fluice, the area of which is 4 fquare 
fcet; therefore 8^/iojf is the quantity pei* fecond run¬ 
ning through it j and confequently B*/iog: 189000;: 

%" : —as 1 S&3" or 31' 3" nearly is the time filling 


the 


* 


PRO- 
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PROBLEM XXV. 

To determine the Time of emptying a Veflel of Water 
by a Sluice in the Bottom of it, or in the Side near 
the Bottom, the Height of the Aperture being very 
fmall in refpedt of the Altitude of the Fluid. 

Put a — the area of the aperture or fluicc ; 

2 g — 32^ feet, the force of gravity; 
d = the whole depth of water; 

\ = the vai ’table alt. of the furface above the aperture; 
a = the area of the furface of the water. 


Then : j/x :: 2 g : 2^/gx the velocity with which 

the fluid will ifliie at the fluice; and hence a '.aw 2y f gx : 
2a*/%x 

■--— the velocity with which the furface of the water 

A 

will defeend at the altitude a-, or the fpace it would de- 
feend in 1 fecond with the velocity there. Now in de- 

feending the fpace x, the velocity may be confidered as 
uniform j and uniform defeents are as their times ; there- 


2 oVgx 


A X 


the time of defeending x 


fore-: x :: 1" : 

A 2 a*/gx 

fp.ue, or the fluxion of the time of exhaufting. That is, 

* 

' . r— A X 


2 ay^gx 


Then when die nature or figure of the veil'd is given, 
there will be given a in terms of x ; which value of a 
being fubftituted into this fluxion of the time, the fluent 
of the refult will be the time of exhaufting fought. 


So if, for example, the veflel be any prifm, or every 
where of the fame breadth; then a is a conftant quan- 

P tity. 



arc 
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A X 

tity, and therefore itie fluent is-</—. But when 

a i 

x = 4 this becomes — j andfliould be o; there- 

a g 

a — V* r 

— X -7- for the 

<7 Vg 


fore the correal fluent is t 


time of the furface defeending till the depth of the water 
be x. And when x = o, the whole time of exhaufting 

is barely . 

a i 


And hence if a be ioooo fquate feet, a = i fquare 
foot, and d = io feet ; the time is 7885-}- feconds, or 

2 h II' 25"|. 


Again, if the veflel be a ditch, or canal, of 20 feet 
broad at the bottom, 22 at the top, 9 deep, and 1000 feet 

long ; then is 99 : 90 -h x :: 22 : --X 22 the breadth 

99 

of the furfacc of the water when its depth in the canal is x ; 

and confcquently a = —— X 22000 is the furface 

99 

at that time. Confequenily t or - = jiooo X 


90 


99 ay's* 

fluent of which, when a* 


is the fluxion of the time; the correal 

180 ■+■ 1 (l 


O, IS IIOOO x 


x /■ 


11000 x 186 x 3 


99 « 


= 154 59"t nearly, or 4* 


/ 99 X 4*ff 

if 39 /, ‘v> whole time of exhaufting by a lluice of 
1 foot .fqiuic. 


» B f\m 
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PROBLEM XXVI. 

To determine the Time of emptying any Ditch, or 
Inundation, &c, by a Cut or Notch, from the Top 
to the Bottom of it. 

Let ab = x the variable height of water at 
any time j 

AC — b the breadth of the cut; 
d = the whole or firft depth of water ; 
a = the area of the furface of the wa¬ 
ter in the ditch j 
g = i6*V f ee t* 

The velocity at any point d, is as -/bd, that is, as the 
ordinate de of a parabola bec, whofe bafe is ac, and 
altitude ab. Therefore the velocities at all the points in 
ab, are as all the ordinates of the parabola. Confe- 
qucntly the quantity of water running through the cut 
apgc, in any time, is to the quantity which would run 
through an equal aperture placed all at the bottom in the 
Luie time, as the area of the parabola abc, to the area 
of the paralellogram abcc, that is as 2 to 3. 



_But Jg : ,/x 2 g: 2^/gx the velocity at AC; there¬ 
fore X 2 t/gx X bx = y bx*/gx is the quantity dis¬ 
charged per fecond through abgc i and confcquently 
4 /; \\Z%x .... 

—;——* is the velocity per fecond of the defeending fur- 

3 ^ 

face. Hence then • — x :: 1" : ZZJ£f- s 

3 A ifbxygx 

the fluxion of the time of defeending. 

Now when a the furface of the water is conihuit, or 
the ditch is equally broad throughout, the correct fluent 

P 2 of 
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of this fluxion gives t = 


3 A 


j/d — 


for th ? 


2 V.T V / ^ A ' 

general time of finking the fur face to any depth x. 

And when r ~ o, this expreffion is infinite; which 

fhews that the time of a complete exhauftion is infinite. 


But if d = 9 feet, b = 2 feet, a = 21 X iooo 

21000, and it be required to exhauft the water down 

to ~ z of a foot deep \ then x — ,’ r , and the above ex- 

_ , 3 X 21000 3 — 1 - , 

prefnon becomes --- x --^ = 14.4.00 or 

4X44 1 1 

juft 4 hours for that time. And if it be required to de- 
pref’s it 8 feet, or tiil 1 foot depth of water remain in the 
ditch, the time of finking the water to that point will 
be 43' 3 8 "* 


Again, if the ditch be the fame depth and length as 
before, but 20 feet broad at bottom, and 22 at top j 
then the defeemling furface will be a variable quantity, 

and, by prob. 25, it will be = 1 x 22000 ; hence 

99 


in this cafe the fluxion of the time, or 


— 3 AX 

4 bx\/gx 5 


be¬ 


comes 


— 500 

5v£ 


X 


90 -4- x • 
x*/x ' 


the correct fluent of which 


IOOO QO 
is t — X (- 


90 


3 Wg v yh 
ing the water to any depth x. 


-} for the time offink- 


Now when * =* o, this expreffion for the complete 
exhauftion becomes infinite. 

f 

, But. if x = i foot, the time t is 42' 56"J- • 
A^whert'x =. -/ (r foot, the time is 3 h 50' 28"f. 


PRO- 
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PROBLEM XXVII. 

To determine the Time of filling the Ditches of a For¬ 
tification 6 Feet deep with Water, through the Sluice 
of a Trunk of 3 Fe«t fquare, the Bottom of which is 
^•kvel with the Bottom of the Ditch, and the Height 
of the fupphmg Water is 9 Feet above the Bottom of 
the Ditch. 

Let acdb rf prefent the area of the ver¬ 
tical fluice, being a fquare of 9 fquare feet, 
and ab level with the bottom of the ditch. 

And fuppcie the ditch filled to any height 
AF, the furface bc.n a i'kh at ii. 

Put <7 — 9 the height of tre head or fupph , 
b — 3 — AB — AC , 

g = 16 / t , 

A = the area of a horizontal fe&ion of the ditches . 
x = a — af, the he’ght of the head above ef. 

Then \/g \fx . • 2 g : iVgx the velocity with which the 
water preffes through the part aefb ; and therefore 
it/gx X aefb = 2 l\/gx (a — v) is the quantity per 
fecond running through aefb. Alfo, the quantity running 
per fecond thiough ecdfis ly/gx X [ \ ec df = V b^/gx 
(?,*“!L u -+• a) nearly. For the leal quantity is, by proceed¬ 
ing as in the la ft prob. tiie dif, between two parab. fegs. 
the alt. of the one being x , its bafe b, and the alt. of the 
other a —• b\ and the medium of that dif. between its 
greateft flate at ab, where it is A», and its leaft ftate 
at cn, wheie it is 0, is nearly f \ ed. Confequently the 
fufn of the two, or - 6 b\/gx (<7 11 b x) is the quan¬ 

tity per fecond running in by the whole fluice ac£»b. 

P 3 Hence 
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Hence then \b</gx X 


a -+- 11 b — x 


v is the rate for 


velocity per fecond with which the water rifes in the 

• • X 6 A 

ditches ; and (o v : v* x :: i" : t --= ——— X 

v byg 

i • 

X X * 

- the fluxion of the time of filling to any heip v . 

c —- x 

AE, putting c = a -+- n£. 

Now when the ditches are of equal width throughout, 
A is a conftant quantity, and in that cafe the corre£t 

6 a V c •+• V a 

fluent of this fluxion is t = — - — X log. ( 


bi/gC 


s/c — Va 


Vc — Vx 
y c h- y'x 

any height af, or a — .v, not exceeding the height ac 

of the fluice. And when x — ac — a — b — d fuppofe, 

6 a , ,Vc ->t- s/a y/c — yd 
x log. (- 


then t = 


) the general expreflion for the time of filling to 


) is the 


b/gc " v y / e — y/a /c -+- /d 
time of filling to CD the top of the fluice. 

Again, for filling to any height gh above the fluice, 
x denoting as before a — ag the height of the head 
above GH, 2\/gx will be the velocity of the water through 
the whole fluice ad : and therefore ib^/gx the quantity 
2 b^ \/ p r x 

per fecond, and -~— = v the rife per fecond of thp 

* • 

water in the ditches ; confequently v : — x :: i" : t ~ 


v 2 
the correct! 

• * A 
is t s= 





X -r- the general fluxion of the time ; 
g y/x b 

ntof which, being o when x = a — b = d y 
r- y/x) the time of filling from CD to 


GH, 


Then the Aim pf the two times, namely, that of filling 
from ab tq^/jb% and that of filling from cd to gh, is 

L ipg. ] 


r.4r?f airf> 


fnr 
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Tor the whole time required. And, ufing the numbers in 

\ A r /6 ~ Vl 6 

Ihe problem, this becomes ■ -- [ -*- -h -7— 

X log. = 0*03577277 a > 

5 S /42 — \/9 H- a/6 j 
the time in terms of a the area of the length and breadth, 

or horizontal fedtion of the ditches. And if we fuppofe 

that area to be 200000 fquare feet, the time required will 

be 7154", or i h 54/ 14". 


And if the lides of the ditch Hope a little, fo as to be 
a little narrower at the bottom than at top, the procefs 
will be nearly the fame, fubftituting for a its variable 
value, as in prob. 25 and 26. And the time of filling 
will be very nearly the fame as that above determined. 


PROBLEM XXVIII. 

But if the Water, from which the Ditches are to be 
filled, be the Tide, which at Low Water is below the 
Bottom of the Trunk, and rifes to 9 Feet above the 
Bottom of it by a regular Rife of One Foot in Half an 
Hour; it is required to afcertain the Time of Filling 
it to 6 Feet high, as before in the laft Problem. 

Let acdb reprefent the fluice; and when the tide has 
,-ilfen to any height gh, below CD the top of the fluice, 
without the ditches, let ef be the mean height of the 
water within. And put 


b =2 3 = ab = AC j r j 

g = i6 t V ; J_I 

a = horizontal fe&ion of the ditches ; e . |h 



z =3 AE. 


P 4 Then 
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Then y/g : /eg :: 2g : 2 x /g(r — 2.) the veloc. of the/ 
water through aete ; and \ 

: / EG :: t£ : 4 /? (* ~ ^ mean vt -‘l° c - thro’ roup; 

theref. 2bz s /g (x — %) is the quant, per fee. thro’ aefb; 
and \b (a- — z) y/g (x — z) is the fame through ec.hf j 
confeq. \h»/g X (lx -4- z) „Jx — z is the whole thiougif 
aghb per fee. This quantity divided by the furl ace a, 

gives * ( 2A " ~) »J X — * ~ v the \elocity per 

fecond with which ef, or the furface of the water in the 
ditcher, rifes. Therefore 


v : z :: i 


-by/g ' ( 2X Z ) s f } 


But, as gk riles uniformly 1 foot in 30' or 1800", theref. 
i : ag 180c/' : 1800 x = t the time of the tide rifmg 

thro’ AG j confcq. t = 1800* = x -———- 

2 by/g (2A -t- z) y/ x _ S 

• ■ ■ ■ " • 

or mz ~ (2x -+- z) y/x — 2. x is tlie fluxionnl equation 
exprefling the relation between x and z ; when m — 

a 3^00 

- or X 3*H when a = 200000 fquare 

1200 by/g 231 1 

feet. 


Now to find the fluent of this equation, afljjmc 

SB sss Ax* *4- Bx^ - 4 - cat r - 4 - Dx i? See. So fhall 
.- " I * A ♦ A 1 - 4 - 4. B 7 A 3 -+- 4 ARH- 8 c 10 

2X *4- Z =s 2X ■+- Ax4 BA * CxY &C, 

, ■ , . . . a. 3 A* , . A 3 -f- 6 aB ... 

(2X + z) /x -zxssaxtx# —-—„-x n x &c, 

4 4 

and m % stz \ m axIx»f- |otbx*xh- V /hcxix-4- V 4 wdxYx&c* 

Then 
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■ 

\Thcn equate the coefficients of the like terms, 
] fo (hall and confequently 

* 4 


m a — 2, 

\m B =0, 

>c = — \ A*, 


A —■ — -> 

5 m 

B = O, 


T I 

1 




24 

275 in 3 
16 


I 4- 


, m d = 


A 3 — i AB, D — — 


875 

&c j &c. 

Then thefe values of a, b, c, &c, lubflituted in the ai- 

fumed value of z , give 


4 ^ 24 T » 

z ~ — Xi * — - — x 2 . — 

5/// 275 w 


16 


14 . 


875 w 4 


&c ; 


or z = —x* very nearly. 

5 '» 

And when x = 3 = ac, than z = *886 of a foot, or 
10] inches, = ae, the height of the water in the ditches 
when the tide is at cd or 3 feet high without, or in the 
hrft hour and half of time. 

Again, to find the time, after the above, 
when ff arrives at CD, or when the water 
in the ditches arrives as high as the top of 
the fluice. 

The notation remaining as before, 
then ibz^^ ( x — z) per fee. runs thro’ af, 
and ® b ($ -- z) y fg (x — %) per fee. thro’ ed nearly; 
theref. * -b t /g X (12 •+■ z) j/x — z is the whole per 
fecond tlirough ad nearly. 


O'. 

c,— 


1 


L_ 


If 


2 bs/g 


confeq- 2 X (12 + z)^* 

5 A 


v 


v is the velocity 

per fecond of the point e j and therefore 

z 
X 




z 

V 


5 A 


*v<? 


(12-t-z) </ x _ 


z 


= 1800*, 

A 

720 b</g 


• 1 ^ 1 ' 1 ■ w 11 • 

or mz = (12 -+• z) Jx — z • x, where in 
- = nearly. 

, v 

A 
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Aflume % — Axl -+- b jf^ -H cx* -i- dx - ^* &c. So fhal! 

___ , A a A a -f-4Bi A 3 -+-4 AB -+■■ 8 C 

-— »*-*-*' 

&C ; 12 -+* Z = 12 -+- AX* -4- BX^ -4- Cx* &C; (12 -+- z) 

.^ x — z«x = 12 Xi'x—-6 Ax*X — (^A 1 •+■ 6 b) x^x &C ; 

• , I • x ' . t * o 

ff!2 = 3 MA*iX-»- &.C. , . 

Then, equating the like terms, &c, we have 
* = _, b = - c = —■• D = nearly, «'c. 


Hence a = -*i - -HL*' ■+■ ■+■ -A* 1&c - 

m m l 5 ;/z 3 3'« 

Or z = ~x*‘ nearly. 

771 

But, by the firft procefs, when x =r 3, z = *886 ; 
which fubftituted for them, we have z = ‘886, and the 
feries = 1*63 j therefore the correct fluents are 

z — *886 = — 1-63 h- -^1 — ~x 2 &c, 

m m 

8 1 24. - , 

or 2 + *744 = — — — -x*&c. 

And when 2 = 3= ac, it gives x — 6.369 for the 
height of the tide without, when the ditches are filled to 
the top of the fluice, or 3 feet high * which anfwers to 
3 h 11' 4". . T 

Laftly, to find the time of rifing the remaining 3 feet 
above the top of the fluice j let 


06 s 
-~rJr s 


■ x 3 &c. 


x = cg the height of the tide above cd, 
% =s ce ditto in the ditches above cd j 
and the othe#4i*»enflons as before. 


Then 
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Then K fg : ^/EQ :: 2 g : 2 Jg{x — z) =5 the velocity 
with which the water runs through the whole fluice ad i 
confequently ad X 2 x /g (x — z) = 184/^ (* — z ) is the 
quantity per fecond running through the fluice, and 

— ^ % = v the velocity of z, or the rife of the 

A. 

9 9 

“Water in the ditches, per fecond ; hence v : z :: 1" : / = 
* < 

Z A Z « • • 1— 

—= -X — - = iooox, and nz = X*/* — z 

v ^VS */ x — z 

is the fluxional equation j where n =* — ■ A , = 

• loo 1 ^ 2079 

To find the fluent, 

Aflume z = ax^ *+- bx^ -4- cxi~ -+- dx£ &c. 


Then x — z 


=z X — A X 2 


4 - 5 a 

BXi — CJfi &C, 


•Vy'x — Z = x^X 


A a • A -f- 4 b * " e 

- X-tx --- X*X &C, 

2 O 


* 1“ a ' 3 • 

»Z = | WA.VU' -+~ "+■ -l-ncxax &C. 

Then equating the like terms gives 


— 2 _ — 1 

A 3«* ^ ~ bn x1 C ~ 

TT 2. 3 I 


® — "uTTTT* ^ c * 


810 H 4 


Hence z =—vl — —l~-x a h -— - Q - * &c. 

3« bn z 90» 3 oio« 4 

But, by the fecond cafe, when z = o, x = 3*369, 

which being ufed in the feries, it is i'936 j therefore the 
• * 

2 3 I 

correct fluent is z = — 1-926 •+• —a?* - x 3. See. 

3 » 6« a 

And when z = 3, x = 7; the heights above the top of 
the fluice j anfwering to 6 and 10 feet above the bottom of 
the ditches. That is, for the water to rife to the heightdf 6 
feet within the ditches, it is neceflary for the tide to rife to 10 

feet 
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feet without, which juft anfwers to 5 hours ; and fo long it 
would take to fill the ditches 6 feet deep with water, 
their horizontal area being 200000 fquarc feet. 

Moreover, when x = 6, then % — 2 ’lij the height 
above the top of the fluice ; to which add 3, the height 
of the fluice, and the fum 5*117, is the depth of water iiv- 
the ditches in 4 hours and a half, or when the tide has rifen 
to the height of 9 feet without the ditches. 

Note. In the foregoing problems, concerning the efflux 
of water, it is tafcen for granted that the velocity is the 
fame as that which is due to the whole height of the fur- 
face of the fupplving water. A fuppofition which agrees 
with the principles of the greater number of authors: 
though fome make the velocity to be that which is due to 
the half height only: and others make it ftill lefs. 

Alfo in fome places, where the difference between two 
parabolic fegments was to be taken, in eflimating the mean 
velocity of the water through a variable orifice, I have 
ufed a near mean value of theexpreffion } which makes the 
operation of finding the fluents much more cafy, and is 
xt the fame time fufficiently exact for the purpofe in hand. 


O F 
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iti 


OF THE 

MOTION of BODIES in FLUIDS. 


PROBLEM XXIX. 


To determine the Force of Fluids in Motion. And the 
Circumihnces attending Bodies moving in Fluids. 


I. It is evident that the refiftance to a plane, moving 
perpendicularly through an infinite fluid, at reft, is equal 
to the prefliire or force of the fluid upon the plane at reft, 
and the fluid moving with the fame velocity, and in the 
contrary direction, to that of the plane in the former cafe. 
But the force of the fluid in motion, muft be equal to the 
weight or preflure which generates that motion j and 
which, it is known, is equal to the weight or preflure of a 
column of the fluid, wh^fe bafe is equal to the plane, and 
its altitude equal to the height through which a body 
muft fall, by the force of gravity, to acquire the ve¬ 
locity of the fluid: and that altitude is, for the fake of 
brevity, called the altitude due to the velocity. So that, 
if a denote the area of the plane, v the velocity, and n 
Jjje fpceific gravity of the fluid ; then, the altitude due to 


V 1 

the velocity v being —, the whole refiftance, or mo- 

4 S 

, , v ~ anv 4 , • , r 

tive force m> will be a X n X — = -; g being io /^ 

4 J» 4 <IT , 

feet. And hence, cateris paribus^ the refiftance is as the 
fquare of the velocity. 


2. This ratio, of the fquare of the velocity, may be 
otherwife derived thus. The force of the fluid in mo¬ 
tion, muft be as the force of one particle multiplied by 

the 
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m 

the number of them: but the force of a particle is as its 
velocity j and the number that ftrikes the plant m a p ven 
time, is alfo as the velocity} therefore the whole force is 
as v X v or v\ that is* as the fquare of the velocity. 

3. If the diredion of motion, inftead of being perpen¬ 
dicular to the plane, as above fuppofed, were inclined to 
it in any angle, the fine of that angle being r, to the 
Jradius 1 j then the refinance to the pi aft e, or the force 
of the fluid againft the plane, in the diiedion of 
the motion, as afligncd above, will be diminifhed in the 
triplicate ratio of radius to the line of the angle of in¬ 
clination, or in the ratio of 1 to j 3 . 

For, AB being the direction of the plane, \ B 
and bd that of the motion, making the 
angle abd, whofe fine is s j the num¬ 
ber of particles, or quantity of the fluid, 
linking the plane, will be diminifhed 
in the ratio of 1 to j, or of radius to the fine of th<? 
ahgle B of inclination; and tfic force of each particle 
will alfo be diminifhed in the fame ratio of 1 to s j fo 
that, on both thefe accounts, the whole rdiftancc will be 
diminifhed in the ratio of 1 to s\ or in the duplicate 
ratio of radius to the fine of the faid angle. But again, 
it is to be confidered that this whole rcfiftance is exci ted 
In the diredion be perpendicular to the plane ; and* any • 
fbreo in the direction bc, is to its efftd in the diredion 
AE, parallel to bd, as ae to be, that is as 1 to s. So 
that finally, on all thefe account®, the refiftance in the 
diredion of motion, is diminifhed in the ratio of 1 to s 3 , 
or in the ti iplicate ratio of radius to the fine of inclination. 
Hence, com par in® this with article 1, the whole re-- 
fiftance, or the jgftive force on the plane, will be m sa 
a nv % s* 

4* 
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IN FLUIDS. 


223 

4i Alfo if w denote the weight of the body, whofe plane 

Face a is refifted by the abfolute force m i then the re- 

78 . anv x s 3 

tarding force f, or — , will be -. 

0 to 4 gw 


' 5. And if the body be sc cylinder, whofe face of end is 
a, and diameter d, or radius r, moving in the direction of 


its axis ; becaufe then s = 1, and a = pr x = ^pd\ 

where p = 3*1416; the refilling force m will be 

npd x v x npr x v z . , t r _ npd*v % 

— - — —-, and the retarding force f — —-- 

ibg 4 g rigw 




npr v 

4 


6. This is the % r alue of the refiftanee when the end of 

the cylinder is a plane perpendicular to its axis, or to the 

dire£tion of motion* But were its face a conical furface* 

or an elliptic fecfr'on, or any other figure every where 

equally inclined to the axis, the fine of inclination being 

j: then, the number of particles of the fluid ftriking the 

face being flill the fame, but the force of each, oppofed 

to the direction of motion, diininHhed in the duplicate 

ratio of radius to the fine of inclination, the refifting 

r mi 1 npd x v's x npr x v z s x 

force m will be--- = -. 

rig 4 g 

wej;e terminated by an end or face of any other form, as a 

fpherical one, or fuch like, where every part of it has a 

different inclination to the axis, then a farther inveftigation 

becomes neceflary, fuch as in the following propofition. 


But if the body 


PRO* 
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PROBLEM XXX. 

To determine the Refinance of a Fluid to any Body, 
moving in it, of a Curved End, as a Sphefc, or a 
Cylinder with a Hemifpherical End, &c. 

i. Let bead be a fe&ion through si— 

the axis ca of the folid, moving in / 

the direction of that axis. To any / V_\ 

point of the curve draw the tangent j ^ 

fg, meeting the axis produced in g : S 

alfo draw the perpendicular ordinates 
EF, ef indefinitely near to each other j 
and draw ae parallel to cc. Putting cf s= 

EF = y, be = z, s = fine L. g to radius i, and 
p — 3*1416; then 2py is the circumference vhofe 
radius is ef, or the circumference deferibed by the point 

E, in revolving about the axis ca ; and ipy X Ee or 

2/>yz is the fluxion of the fuiface, or the furface deferibed 
by ec, in the faid revolution about ca, and which is 
die quantity reprefented by a in art. 3 of the laft problem : 

, t!V*S 3 - pKV l S* ♦ , rn 

hence - X 2pyz or- X yz is the lcliltance 

4 S 

on that ring, or the fluxion of the rcfiftancc to the body, 
■whatever the figure of it may be. And the fluent of 
which will be the refiflance required. . * . 


2. In the cafe of a fphcrical form, putting the radius ca 

- FF CF 

or cb = r, we have y = Jr — a , s = — = — — 

tu CE 

X • m 

—, andys or ef X Ee = ce x ae = rx\ therefore the 
r 

, . >4 pm? * , pnv % xi 

general fluxion r —— X J 3 y z becomes-X — 

t> %g 2g t * ™ 

p>nv % , • ’ , „ „ ,. , pnv* „ . . 

— fo— x x*x } the fluent of which, or ——- v 4 , is the 
%£r l ogr 
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refinance to the fpherical furface generated by be. And 


when x or cf is = r or ca, it becomes 


pnzr 




for the 


refinance on the whole hemifphere; which is alfo equal to 
pnv^dP 

-, where a = 2 r the diameter. 

3. But the perpendicular refiftance to the circle of the 
fame diameter d or bd, by art. 5 of the preceding pro¬ 
blem, is ^ ■ t - V - ■■■■■ ; which, being double the former, (hews 
,6 ^ 

that the refiftance to the fphere, is juft equal to half the 
direct refiftance to a great circle of it, or to a cylinder 
of the fame diameter. 


4. Since ’ pd } is the magnitude of the globe, if N de¬ 
note its denfity or fpecific gravity, its weight ui will be 

— lpd s n, and therefore the retardive force f or 
in prized* 6 3 n v~ 

w 32" p:\i!> i6y n 1 

by art. 8 cf the general theoi .ms in page 169; hence 
. 3 n 1 N 

then -. — —, and s — — X t d, which is the 

4 N a s u J 

fpace that would be defciibcd by the globe, while its 

whole’ motion is generated or deftroyed by a conftant 

force which is equal to the force of refiftance, if no other 

force adted on the globe to continue its motion. And if 

the denfity of the fluid were equal to that of the globe, 

the refifting force is fucli, as, acting conftantly on the 

globe without any other force, would generate or deftroy 

i<s motion in deferibing the fpace -*-d y by that accelerating 

or retarding force. 

5. Hence the greateft velocity that a globe will ac¬ 
quire by defeending in a fluid, by means of its relative 
weight- in the fluid, will be found by making the refift- 

Q. ing 
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ing force equal to that weight. For after the velocity 
is arrived at fuch a degree, that the refilling force is 
equal to the weight that urges it, it will increafe no’longer, 
and the globe will afterwards continue to defeend with that 
velocity uniformly. Now, N and n being the feparate 
fpecific gravities of the globe and fluid, n — n will be the 
relative gravity of the globe in the fluid, and therefore 

w = — ») the -weight by which it is urged; 

pnv^d 3, * pnv^d 2, 

alfo m = - is the refinance ; confequently - 

32 g 3 2 S 

= i'Pd 3 (n — «) when the velocity becomes uniform ; 


from which is found v = v i/ 4 
uniform or greateft velocity. 




-U 


N — » 


n 


for the faid 


And by comparing this form with that in art. 6 of 
the general theorems in page 169, it will appear that its 
greateft velocity is equal to the velocity generated by the 

accelerating force --in deferibing the fpace -*cL, or" 

equal to the velocity generated by gravity in freely de- 

N — 71 

feribing the fpace - X *d. -If n = 2 w, or the 

fpecific gravity of the globe be double that of the fluid, 

N — n 

then- = 1 = the natural force of gravity; and 

then the globe will attain its greateft velocity in de¬ 
feribing or +. of its diameter.-It is farther evi¬ 

dent that if the body be very final], it will very foon 
acquire its greateft velocity, whatever its denfity may 
be. 


Ex. If a leaden ball, of 1 inch diameter, defeend in 
water, and in air of the fame denfity as at the earth’s fur- 
face, the three' fpecific gravities being as n j, and 1, 

and 
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and Woo- Then V - // 4 * 16/2*T5* 10 t = |V 3 l *i 93 
= 8*5944 feet, is the greateft velocity per fecond the 
ball can acquire by defcending in water. And v = 
V 4 * W * t( 7 * V * —~ nearly = V-/—= 259*82 is 
the greateft velocity it can acquire in air. 

But if the globe were only T *^ of an inch diameter, 
the greateft velocities it could acquire, would be only 
tV of thefe, namely -** 0 - of a foot in water, and 26 feet 
nearly in air. And if the ball were ftill farther diminiftied, 
the greateft velocity would alfo be diminifhed, and that 
in the fubduplicate ratio of the diameter of the ball. 


PROBLEM XXXI. 


To determine the Relations of Velocity, Space, and 
Time, of a Ball moving in a Fluid in which it is pro¬ 
jected with a given Velocity. 


1. Let a — the firft velocity of projection, x the 
fpace deferibed in any time t , and v the velocity then. 
Now, by art. 4 of the laft problem, the accelerative force 

Qnv 2 ' 

f = -,, where N is the denfity of the ball, n 

•' i 6 gud 

that of the fluid, and d the diameter. Therefore the 

• • » — onv z * 

general equation vv = 2 gfs becomes vv = — g ' "T 

o N u 

,, v — 'in • • . 3 n 

and hence— = —-■ ■ ■*• = — bx. putting b lor -— 

And the correCt fluent of this is log. a — log. v or 

log. ~ = bx . Or, put c = 2*718281828, the number 


v 


Q.2 


whofe 
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whofe hvp. log. is i, then is — = /*} and the velocity 

a -< v 

~ c l x ~~ 


2. The velocity v nt any time being the c- tx part of 
the firft velocity, therefore the velocity loft in any time 

' t -!'x — i 

will be the i — c rix part, or the -- part of the fir£1 

i ! ’ x 

velocity. 


Ex. i. If a globe be projected, with any velocity, in 
a medi im of the fame denlitv with itielt, and it deferibe 
a lpace equal to 3./ or 3 of its diameters. I hen 


x — 3 < 7 , and b — 

the velocity loft is 
projectile velocity. 


'2 H 3 

7-—■. = ~ ; therefore bx 
8 n \d 8 d 

i‘ ,x — 1 2*08 . 

-Tie- = 7SS-> or "“ r, y 


2 

T 


b and 

of tbp 

) 


Ex. 2. If an iron ball of 2 inches diameter were pro¬ 
jected with a velocity of 1200 feet per fecond, to find 
the velocity loft after moving through 500 feet of air ; 
we fttould have d — — o a — J2 CO, * -- 500, 


N 


/ ;■> 


n 


'CO 12 i 


and therefore bx — 


3 n x 

8 n 7 / 


3 • 12 • coo *3*6 81 , 1200 

-----= -, and v = —s-p- 

O • 22 • IOOOO 44 O rs 4 ff 

per fecond : having Juft 207 feet, or nearly 
velocity. 


= 993 fe ’ ct 

' of its firft 

0 


Ex. 3. If the caith revolved about the fun in a me¬ 
dium as denfe as the atmofpherc near the earth's furfiee , 
and it were required to find the quantity of motion loft in 
a year. Then, fmee the earth’s mean dcnfitv is about 4)., 

and 
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, and its diftancc from the fun 12000 of its diameters, we 
have 24000 X y 1416 = 75398 diameters = x, and 

bx = -= 7-5398 i hence —-—- = 

Si - inAAn . rv ' -J / ' 


8 • 10000 • 9 


cbx 


ay 7 -6 P arts arc loft t5iCi ^ motion in the /pace of 
a year, and only the - ± -/ rz part remains. 


Ex. 4. If it be required to determine the diftance 
moved, *, when the globe has loft any part of its motion, 
as fuppofe 4, and the denfity of the globe and fluid equal: 

The general equation gives x = .1 X log. ~ ~ x 

v 3 

log. of 2 = 1-84839257-/. So that the globe lofes half 
its motion before it has ddcribed twice its diameter. 


» * ^ 
-3. To find the time t , we have t — — =__ — 

•j v 


fb\x 


a 


( 

.Now to find the fluent of this, put 2 = cb* • then is bx 

' % 

z 

bz 

c 


• kj 

— log. z, and bx ~ , 


or ,t 


c b *x 


— ; confequcntly 

bx 


t or 


a 


: .v 2 ^ 

— — and hence t = —- = —- But 
a a l' ah ah' 


as t and a- vani/h together, and when * = o, the quan- 

cbx I _ ( -b\- _ j 

tity -~j — — therefore, by corredion, t — 


di 


ab 


.1 . r 1 , 1 1 

— ~ ) the time fought $ where b 


and » = -L the velocity. 


Ex. If an iron ball of 2 inches diameter were pro¬ 
jected in the air with a velocity of 1200 feet per fecond ; 
and it were required to determine in what time it would 

CL 3 pafs 
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pafs over 500 yards or 1500 feet, and what would be its 

velocity at the end of that time: We fhould have, as 
1 / 3 * 12 * 3 • 6 1 , . 


2716 


, and bx 


, and — 
a 


1200 


and 


nearly. Confequently v 


in ex. 2 above, h = ---= -and bx = 

8 • 22 • 10000 2716 

1500 375 , 1 2716 ,i 1 

-7 = •——; hence =-, and — --, and 

2716 679 b 1 1200 

I r** I’7372 I . « r 1 

—* = — = - ' = -— nearly. Confequently v = 

a 1200 690 

690 is the velocity, and / = -1 ( -L— ~) = 2716 

b v a 

X --—) = 14 ' feconds is the time required, or 

*690 1200' 4<? n > 

1" and ^ nearly. 


PROBLEM XXXII. 


To determine the Relations of Space, Time, and Ve* ) 
locity, when a Globe defeends, by its own Weight, • 
in an infinite Fluid. 


The foregoing notation remaining, viz. d ~ diameter, 
N and n the denfity of the ball and fluid, and v , r, /, 
the velocity, fpace, and time, in motion ; we have ‘ pd 2 
= the magnitude of the ball, and \pd 3 (n — n) — its 

weight in the fluid, alfo m — ^-— = its refiflance* 

V-g 

, . . r . pnd %r v r , 

from the fluid; confequently ‘ pd 2 (n — n) - is 

the force by which the ball is urged ; which being divided 
by lpwd\ the quantity of matter moved, gives f =1 — 

* 3 nv * _. 


weight in the fluid, alfo m 


l6gN d 


for the accchrative force. 


2. Hence 



IN FLUIDS* 


231 


f • • 

2. Hence vv = 2 gfs> and s = 


I vv , 

= - 7 - X -P uttin g h 

0 a — v~ 


uvv 

'Z n 

2 g (n - n) — rrf * 


3 ” 

8 


and — = 
a 


O ft f 

- - -, or ab = 2 g > the fluent of which is s = 

2 g'G£l(n—n) 

“ X log. — -~i) a n cxpreflion for the fpace s in terms 


of the velocity v. 

3. But now to determine v in terms of j, put c = 


2*718281828; then iince log. 


a — v 


— 2 bs, therefore 


a —- v* 


c ii>s y or --— = j and hence v = 

<2 


V'fl — ac-ih the velocity fought. 

4. The greateft velocity is to be found, as in art. 5 of 

n 'inv*' 

prob. 30, by making/ or 1 - — — ^ = O, which 


N — n 


gives v = n/2g *8 d • - = \^a. The fame value is 

3 

alfo obtained by making the fluxion of v* or a — ac-ii>* = 
o. And the fame value of v is obtained by making s in¬ 
finite, for then = o. But this velocity cannot 
be attained in any finite time, and it only denotes the 

velocity to which the general value of v or \/a — ac-* ts 
continually approaches. It is evident, however, that it 
will approximate towards it the fafter, the greater b is, 
or the lefs d is; and that, the diameters being very fmall, 
the bodies defeend by nearly uniform velocities, which 
. are direcUy in the fubduplicate ratio of the diameters. See 
alfo art. 5 prob. 30 for other obfervations on this head. 


0.4 


5. Since 
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5. Since c-^ is is the number whole log is — 2/>r, it will 

— e l -+- —-— e 4 &c, 
2-3 2-3-4 

7 )} s 

putting c — lbs = —j; hence 1 — = <• — -\e % h- 


ber-~'» 


1—^-4- 


4Nrt? 


r 3 — &c, and v = v /w X >/1 — c- e — V ae X (1 — l e 
T c 1 &c). And when N is very great in 




;.'vr 


refpeft of then, all the terms after t he fir ft bein g very 

— n — n - 

fnull, v will be nearly = y/ac — </A £ Sf —“— = VAS , 5 


n 


nearly, that is the velocity freely generated by gravity, 
as it ought. 


6. To find the time t ; we have t — 


V— x 


a 


===-. Then to find the fluent of this fluxion, put 

\/ 1 — £-z//s 


y'l — = -, or a 2 = I — c'-zbr ; hdlCC Z'f 


• • 

bsc-z !> 1 , and 1 = 


z z. 


zz 


be z Ij ' 


b 1 — 2> 


-; confequently 


I > 

- . _dl- and therefore the fluent is / ~ 

by/a 1 — z z 

I *+- y /1 '— t' Z b 


I . 1-4-2 1 , 

x log. -= -j—r- X log 

iby/a 0 i~2 2 a 


I — y/i — 


— 1 X log. which is the general «ex- - 

2V« ^ & 

preflion for the time. 

7. When N is very great in refpehl of n ; then, as in 

vfi' -+- v y/t^y/^abs 

art. 5, i; = y/ 2 absy and log. - = log.. --—- 

v \f a — v " y/a-—\/2<ibs 

-+- y /2 bs 2y/lbs 

- 2 .—— 2v2 bs: and therefore t = — 

~ I -*y/ 2 bs 2 bya 


log. 


2 ^ j 

a/— r — */”"» ^ 1C fi ;m c as the time of defeending 
ab- g 


freely by gravity, as it ought. 


Ex. 
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Ex. If it were required to determine the time and ve¬ 
locity, by defcending in air 1000 feet; the ball being of 
lead, and 1 inch diameter. 

Here n = lip n — d = and s = 10OO. 


Hence/? = 


2 • l6, 


i 

s' o o' 


II_ 2 • IQ3 • 8 • 34 • 2500 __ 

” 3-3 * I 2 * 12 * 3 ~ 


* 93 - 34 - 50 * and b = 3 - ^ _ 3 • 3 - 3 • *2 _ 9- 9 

9*27 5 8 -11|.8 • 34 • 2500 68 • 5c 


8*34*2500 68* 50* 

-- 193 • 34 • 50* 

confeq. v = Ja X J 1 — —--X 

9 * 27 


iji — c'Ti = 203^ the velocity. And t = 

1 a/ 1 


, - Z i f 


34 • 2500 


log. :__v :— = v /^—^ 
8 , 5236 // , the time. 


93 


X log, 


lb>/ a 

*7 8 3 8 3 

o 21617 


Note, if the globe be fo light as to afeend in the fluid ; 
it is only nccdlary to change the figns of the firft two 
terms in the value of /*, or the accelerating force, by which 

it becomes f — 


n 


1 — - 


3 


—,; and then proceed- 
N 1 6 L> N d 

L. I 

ing in all refpecls as before. 


s c h o l r v M. 

To compare this theory, contained in the laft four pro- 
bletns, with experiment, I fhall here extract the few follow¬ 
ing numbers from extenfive tables of velocities and re- 
fiftanccs, refulting from a courfe of many hundred very 
accurate experiments, made by me in the courfe of the 
year 1786; of which a particular account will be given 
elfe where. 


In the firft column are contained the mean uniform or 
greateft velocities acquired in air, by globes, hemifpheres, 
cylinders, and cones, all of the fame diameter, and the alti¬ 
tude 
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tude of the cone nearly equal to the diameter alfo, 
when urged by the feveral weights, exprefled in avordupois 
ounces, and Handing on the fame line with the velocities, 
each in their proper columns. So, in the firft line, the 
numbers fhew that, when the greateft or uniform ve¬ 
locity was accurately 3 feet per fccond, the bodies were 
urged by thefe weights, according as their different ends 
went foremoll ; namely, by *028 oz when the vertex of 
the cone went foremoll ; by *06407, when the bafe of the 
cone went foremofl ; by *027 oz for a whole fphere ; by 
•0450Z for a cylinder; by *051 oz for the flat fide of 
the hemifphere; and by *C20oz for the round or convex 
fide of the hernifphcre. Alfo, at the bottom of all, aie 
placed the mean proportions of the refiltanccs of thefe 
figures, in the neareft whole numbers. Note, the com¬ 
mon diameter of all the figures, was 6 375 or 6^ inches;^ 
fo that the area of the circle of that diameter is juft 32- 
fquarc inches, or —of a fquare foot; and the altitude of 
the cone was 6’inches. Alfo the diameter of the final 1 
hemifpnerc was 4’ inches, and confequcntly the area of its 
bafe is ijj fquare inches, or l of a fquare foot nearly. 

The mean height of the barometer at the times of 
making the experiments, was nearly 30*1 inches, and of 
the thermometer 62° ; and confequcntly the weight; of a. 
cubic foot of air was equal to 1 \ oz nearly in thofe circum- 
ftances. 
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1 

Velocity 
per l'ec. 

Cone 

Whole 

globe 

Cylin¬ 

der 

Hemifphere 

Small 

Hcnuf. 

flat 

vertex 

bafe 

flat 

round 

feet 


oz 

oz 

OZ 

OZ 

OZ 

OZ 

3 


•064 

•O27 

•045 

■051 

*020 

•028 

4 


•IO9 

•O47 

•C90 

•096 

•O39 

•O48 

5 

•071 

• l62 

•068 

* 1 43 

•148 

•O63 

•O72 

6 

*098 

•225 

•O94 

*205 

*211 

*092 

•103 

7 

■129 

•298 

■125 

■278 

•284 

•I23 

•141 

8 

•168 

•'^2 

•162 

•360 

•368 

*l6o 

•184 

9 

•211 

•478 

•205 

•456 

*464 

’ 1 99 

•233 

10 

•260 

•587 

•255 

•565 

’573 

•242 

*287 

11 

'3*5 

•712 

•310 

*688 

-698 

*292 

*349 

12 

•376 

•850 

’370 

•826 

•836 

*347 

•418 

13 

•440 

1-000 

*435 

•979 

•988 

*4°9 

*492 

14 

•512 

1*166 

•505 

i*i45 

J* 1 54 

•478 

•573 

15 

•589 

1*346 

•581 

1*327 

1*336 

*552 

*66l 

16 

* 6 73 

1*546 

♦663 

1*526 

i*53 8 

•634 

*754 

l 7 

•762 

i‘7 6 3 


1745 

1*757 

*722 

■853 

18 

•858 

2 *002 

•848 

1*986 

1*998 

•818 

*959 

*9 

•959 

2*26o 

’949 

2-246 

2*258 

•922 

1*073 

20 

1‘069 

2*540 

i*057 

| 2*528 

2*542 

1*033 

1*196 

mm 1 

II 

126 

291 

124 

285 

288 

- 

B 

140 

. . 


From this table of refinances, feveral pra&ical in¬ 
ferences may be drawn. As, 

I. That the refifiance is nearly as the furface; the 
refiftance increafing but a very little above that proportion 
in the greater furfaces. Thus, by comparing together 
•the numbers in the 6th and lafi columns, for the bafes of 
the two hemifpheres, the areas of which are in the propor¬ 
tion of 17- to 32, or as 5 to 9 very nearly; but the 
numbers in thofe two columns, expreffing the refinances 
are nearly as 1 to 2, or as 5 to 10, as far as to the velocity 
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of 12 feet; after which the refiftances on the greater 
furface increafe gradually more and more above that pro¬ 
portion. And the mean refiftances are as 140 to 288, or 
as 5 to 10?. This circumftance therefore agrees nearly 
with the theorV. 

2. The refiftance to the fame furface, is nearly as the 
fquare of the velocity ; but gradually increalcs more and 
more above that proportion as the velocity incrcafes. 
This is manifeft from all the columns. And therefore 

f 

this circumftance alfo nearly agrees with the theory, in 
fmall velocities. 

3. When the hinder parts of bodies are of different 
forms, the refiftances are different, though the fore parts he 
alike ; owing probably to the different prefl'urcs of the air on 
the hinder parts. Thus, the refiftance to the fore part of 
the cylinder is lefs than that on the flat bafe of the hc- 
mifpherc, or of the cone ; becaufe the hinder part of the 
cylinder is more prefled or pufhed, by the following air, 
than thofe of the other two figures. 

4. The refiftance on the baft of the hcmifpherc, is 
to that on the convex fide, nearly as 2* to 1, inftead of 
2 to 1, as the theory afiigns the proportion. And there¬ 
fore in this particular, the theory is attended with a con- 
fiderable error. 

5. The refiftance on the bafe of the cone, is to that 
on the vertex, nearly as 2 to inftead of 5J to 1, as 
the theory in pa. 223 art. 6 requires it to be. So that the 
theory in this inftance gives lefs than half the true ex¬ 
perimented refiftance. 

6. Hence we can find the altitude of a column of air, 
whofe preflure {hail be equal to the refiftance of a body, 
moving through it with any velocity. 


Let 
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Let a — the area of the fe£tion of the body, fimilar to any 
of thofe in the table, perpendicular to the di - 
region of motion ; 

r = the refiftance to the velocity in the table ; and 
x = the altitude fought, of a column of air, whole bafc 
^ is ( 7 y and its preffiire r. 

'T hen a v = the content of the column in feet, 
and i\ax or ? ax its weight in ounces; 

r 

therefore *ax — r, and x — * X —is the altitude fought 

in feet, namely * of the quotient of the refinance of any 
body divided by its tranfverfe fe£tion ; which is a conftant 
quantity for all fimilar bodies, however different in mag¬ 
nitude, fmee the refiftance r is as the feiftion a y as we 
have found in art. i. When a = of a foot, as in all 

the figures in our table, except the fmall hemifphere ; then 
r 

x — \ X — becomes x = V s where r is the refiftance in 
0 a + 

our tabic to die fimilar body. If, for example, we take the 
convex fide of the large hemifphere, whofe refiftance is 
*634 oz to a velocity of 16 feet per fecond; then r = 
•634, and x — y r — ^ eet j the altitude of the 

column of air whofe preflure is equal to the refiftance on 
a fpherical furface with a velocity of 16 feet. And to corn- 
pat e the above altitude with that which is due to the given 
velocity, it will be 32* : 16* :: 16 : 4 the altitude due to 
the velocity 16 ; which is near double the altitude that is 
equal to the preflure. And as the altitude is proportional 
to the fquare of the velocity, therefore, in fmall velocities, 
the refiftance to any fpherical furface, is equal to the 
preflure of a column of air on its great circle, whofe al¬ 
titude Is or -594 of the altitude due to its velocity. 

7. Hence we may infer the great refiftance fuffered by 

military proje&ilcs. For we find in the table that a 

globe 
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globe of inches diameter, which is equal to the fize off 
an iron ball weighing 36 lb, moving with a velocity of 
only 16 feet per fecond, meets with a refiftance equal to 
the preflure of $ of an ounce weight; and therefore, com¬ 
puting only according to the fquare of the velocity,, the leaft 
refiftance that fuch a ball would meet with,, when moving^ 
with a velocity of 1600 feet, would be equal to the pref- 
fure of 417 lb, and that independent of the preflure of the 
atmofphere itfelf on the fore part of the ball, which would 
be 480 lb more, as there would be no preflure from the 
atmofphere on the hinder part, in the cafe of fo great a 
velocity as 1600 feet per fecond. So that the whole re¬ 
fiftance would not be lefs than about 900 lb to fuch a 
velocity. 

8. Having faid in the lail article that the preflure of 
the atmofphere is taken intirely off the‘hinder part of the 
ball, moving with a velocity of 1600 feet per fecond; 
which muft happen when the ball moves fafter than the 
particles of air can follow by rulhing into the place quitted 
and left void by the ball, or when the ball moves fafter 
than the air ruftics into a vacuum from the preflure of the 
incumbent air. Let us therefore inquire what this ve¬ 
locity is. Now the velocity with which any fluid iflues, 
depends upon its altitude above the orifice, and is indeed 
equal to the velocity acquired by a heavy body in falling 
freely through that altitude. But, fuppofing the height 
of the barometer to be 30 inches or 2vfeet, the height 
of an uniform atmofphere, all of the fame denfity as at 
the earth’s furface, would be 2'- X 14 X 833, or 29166 
feet ; therefore ^16 : ^29166 :: 32 : 8^29166 = 1366 
feet, whi^h is the^velocity fought. And therefore with . 
a velocity of 1600 feet per fecond, or any velocity 
above 1366 feet, the ball muft continually leave a vacuum 
behind it, and fo muft fuftain the whole preflut* of the 

; atmofphere 
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tmofphere on its fore part, as well as the refiftance 
jifing from the vis inertia of the particles of air ftruclc 
’ the ball. 

refiftance of the air, 
lifters very widely, 
*th in refpedl to the quantity of it on all figures, and in 
fpe£fc to the proportions of it on oblique furfaces, from 
e fame as determined by the preceding theory, which is 
e fame as that of Sir Ifaac Newton, and moft modern 
, lilofophcrs. Neither ftiould we fucceed better if we 
tve recourfe to the theory given by profeifor Gravefande, 
• others, as fimilar differences and inconfiflcncies jftiii 
:cur. 


9. Upon the whole we find it 
determined by our experim 


C 


We conclude therefore that all the theories of the 
efiftance of the air hitherto given, arc very erroneous. 
And I have only laid down the preceding one, till further 
•xperiments on this important fubjeft fhall enable us to 
leduce from them, another, that fhall be more confonant 
>,p the true phenomena of nature. 


FINIS. 
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